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Procedure for Minimizing the Cost Per Watt of
Photovoltaic Systems*

David Redfield
RCA Laboratories, Princeton, N. J. 08540

Abstract—A general analytic procedure is developed that provides the first quantitative

method for optimizing any element or process in the fabrication of a photovoltaic
energy conversion system by minimizing its impact on the cost per Watt of the
complete system. By determining the effective value of any power loss associated
with each element of the system, this procedure furnishes the design specifications
that optimize the cost-performance tradeoffs for each element. A general equation
is derived that optimizes the properties of any part of the system in terms of ap-
propriate cost and performance functions, although the power-handling compo-
nents are found to have a different character from the cell and array steps. Another
principal result of this analysis is that a fractional performance loss occurring at
any cell- or array-fabrication step produces that same fractional increase in the
cost per Watt of the complete array (although not in the power-handling compo-
nents), thus quantifying an intuitively sensed effect. It also follows that no element
or process step can be optimized correctly by considering only its own cost and
performance. Some other solar-energy conversion systems that contain analogous
classes of components appear to also be amenable to this type of analysis.

introduction

Optimization of solar-cell design characteristics for satellite systems has
utilized as its criterion the maximum power output! and, occasionally,
the weight of the devices. In space applications cost considerations had

* This work was performed for the Jet Propulsion Laboratory, California Institute of Technology, under

Contract No. 954352,
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to be suppressed. Photovoltaic systems for terrestrial uses, however, have
as their central goal cost reduction. Since this must be achieved without
excessive loss in performance, there is a need for some quantitative
means of optimizing the cost versus performance tradeoffs. That need
is met by the procedure described in this paper whose optimization
criterion is the minimum cost/Watt of the complete system. Further,
such optimization should be capable of being performed for every step
in the fabrication process of the active converter as well as for every other
system element. Although there are formal optimization methods for
dealing with such problems, the present analysis is carried out in a way
that emphasizes physical insight rather than abstract theory.

This procedure is based on the (generally valid) hypothesis that the
entire fabrication process—from raw materials to system comple-
tion—can be represented by a sequence of basically independent “steps”.
This independence must apply to both the cost and performance aspects
of the various steps. For cases in which some steps interact strongly with
others, they must be grouped together to form a composite “step” for
the purposes of analysis. (This statement is true, of course, for other
analytical methods as well.) The meaning of this independence re-
quirement will be shown in the subsequent discussion.

To permit analysis of the fabrication costs, we consider cost elements
of the system in several classes: (1) steps associated with the fabrication
of the active solar cells; (2) steps associated with the collector array—of
which the “module” is the representative unit—inecluding its structure;
(3) system elements that process the generated power; and (4) fixed costs
not directly allocable to any of these steps (factory-level overhead,
manufacturers’ profit, etc.). It is vital to successful optimization of the
system that these classes be properly distinguished in the evaluation of
their cost contributions, since they enter as groups in different ways.

The optimization analysis could be carried out by either of two ap-
proaches: (1) specify some fixed output power level for the system and
determine necessary changes in size of the array and of the power-pro-
cessing elements as some variable of a fabrication step is changed; or (2)
fix the array size and determine how the output power level varies under
such a change. In either case, the quantity of ultimate concern is the
cost/Watt, U, of the output power and the procedure must be able to
minimize U. For this purpose we shall not be concerned with the question
of whether peak power or average power is to be used; either one can be
used, provided the relation between them is known.

This procedure follows the second approach because it simplifies the
evaluation of the costs of the numerous cell and array steps, so the col-
lector array area is fixed at A,. The cell and module fabrication processes
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must supply the number of modules needed to cover this area, with
provision made for all process yield losses up to and including the com-
pletion of array assembly. Past the array completion step (which includes
the structure and its foundation), physical yield losses do not occur, but
the power level may be attenuated.

The essential feature of this procedure is that it develops a way of al-
locating all system costs to a proportional part of the collector array area
Ag. The method for accomplishing this allocation will be shown; the
result is that we can write the total cost per Watt U as

K

G i
where K is the total system cost per unit of collector area and G, is the
system output power per unit of collector area.

Evaluation of Performance Factors

The establishment of the output power density G, in terms of the effects
due to individual steps is straightforward. We assign to each step a di-
mensionless *‘performance factor” f; that is defined as the fraction of
the potentially available power before step j that is actually obtained
after it. In most cases f; < 1, but for certain steps the potentially available
power must be chosen arbitrarily so that f; > 1 is then possible. (For
example, if the “available power” expectation is based on the use of
moderate quality silicon, the use of very good Si can result in better
performance.) This does not alter the analysis.

The performance property of central importance in analysis of a
photovoltaic power system is that the performance factors of the separate
items are multiplicative in the full system. That is, the output power
density of the system can be expressed as

G, = FG, (2]

where G is the electrical power density potentially available (chosen
arbitrarily) and F is the system performance factor. F is given by

F=11f, (3]
j=1

where there are n “steps” in the system fabrication.
By the hypothesized independence of the steps, we may single out any
step, say step m, and separate it from the rest of the fi by a relation
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F
Fn=—, 4
" i H
where F,, does not contain the variables of step m.

Evaluation of Cost Terms

The quantitative evaluation of K in Eq. [1] requires a detailed analysis
of all four classes of costs in the system fabrication. We first state the
major result of this analysis, i.e., that we can express K as a simple
sum

K= C; [5]
Jj=0

where the use of a term labeled C, is to accommodate all of the fixed costs
that are not directly associated with any of the individual steps; the C;
are effective step costs per unit area that include all material costs but
are not simply the direct step expenditures. This sum displays one of
the properties required for the steps to be independent.

The key to the establishment of Eq. [5] is the correct evaluation of the
various types of C; terms for the different classes of steps described
previously. We begin the analysis by identifying the last step involving
physical construction of the collector array which we denote as step a.
This step will presumably be the mounting of the assembled array onto
the support structure, including the making of the required electrical
connections. At the completion of step a there are A, square meters of
operational collector ready to deliver power. Assuming the modules cover
100% of this area, then there are A, m2 of tested, operating modules. Step
a is thus the last one whose costs are proportional to A,; there is an entire
class of such steps beginning with the first module fabrication step after
the individual cells have been completed.

The active cells cover a fraction of the module area (and thus of A,)
that we denote as ¢. If the last step of the cell processing is step ¢, then
all steps up to and including ¢ have costs that can be expressed as being
proportional to ¢A,. Thus two of the four classes of steps are propor-
tional to the area of the collector. The fourth class, fixed costs whose total
for the system we call FC, is not directly related to the area so those costs
must be added to the total of other system costs. We make the usual
assumption that FC is constant for the range of variables permitted.

The third class of steps contains those system elements whose costs
are related to their operating power level. This class follows step a and
it includes power conditioning equipment, switchgear, and energy storage
facilities. In evaluating their costs we must provide for the possible de-
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crease in power levels in later system elements due to losses within this
class. For this purpose we denote the power density delivered by the
array (i.e., after step a) as G, this is related to the array conversion ef-
ficiency n, by G, = In, where I is the solar irradiance. Then the first
power-related element, which we call step p, must operate at the power
level A,G,. The next element (step p + 1) operates at power level fpAaG,
and so on; at later step j, it is fpfp+1 . . . fj—14aGq. Now each of these
power-proportional steps will have a cost that can be written as u;fpfp+1
... fi-1AaGq where u; = cost per Watt for element j. Now it is seen that
these steps too are expressible in terms that are all proportional to
A,
The total cost of the system T' can now be written as

T=FC for all the fixed costs

A, [51_‘_ ka1 Lo Ret1 ] for array-

Yo Y.Y., YoYa—1... Yes1 ) related costs
k ky ] for cell-
toha| . A —
¢ a[YaYa_l... Y. YoYa-1... Y1) related costs
(6]
for power-

+ A.G,[un R MU S 2
aGalu fofp+1 f-1 up] related steps

where k; = total cost per unit area for performing step j and Y; = yield
of step j. This shows the well-known impact that each yield factor has
on all preceding steps. Since the cost per unit area of the system is just
K = T/A,, we obtain from Eq. [6] the various types of terms C; to be used
in Eq. [5]:

C,=FC/A, for fixed costs
-4
s YoYoo1... Y; for cell steps
Cj=¢ _ ki for array-related steps (7]
YoVYaii...Y;

Gauifpfp+1 . . .fi-1 for power-related steps.

With this definition of C,,, the fixed costs associated with the fabrication
of the system having collector area A, can be regarded as simply being
allocated over that area.

The C;’s of the power-related steps can be rewritten in another useful
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way by substituting for G, the quantity G = Gol/(fnfn=1 .- forfp)-
Then we find each power-related step cost has the alternative form
c.=g—%

1=l 18]
Thus, when expressed in terms of the final power density, these terms
take on the same form as the cell and array terms but with the perfor-
mance factors playing the roles of the yields. Indeed, here the fj’s may
properly be regarded as “power yields”.

This establishes the quantitative values of the terms C;. By virtue of
the independence of these terms, the cost of any step m may be separated
from the rest by subtraction, in contrast to the performance factors, so
we may define the quantity K, independent of step m, by

Kn=K—Cn. [9]

Optimization Procedure

The minimization of U for the system, given a change in the properties
of any step, can be performed by using Eqs. [2] and [5] in Eq. {1]. We shall
now see, however, that the power-related steps have a basically different
character that requires separate treatment. We write the expression for
K = T/A, adopting an abbreviated notation and using Eq. [8] to express
the power-related terms in K
FC
= toTet Lat Godp [10]
a
where 3. denotes the sum of the cell terms in square brackets of Eq. [6],
34 is the sum of array terms in brackets there, and

GoZpEGo['u_’l"' u—‘n—l+...+——L——u ]

fn fnfn—l fnfn—l---fp
Now using Eq. [10] for K in forming U = K/G, we obtain for the cost/
Watt
1 [FC
[Esomcrna|+ 2,

=2+ 3, [11)
where K, is defined as the quantity in brackets and represents the sum

of all fixed, cell and array costs per unit area. Eq. [11] shows that the
cost/Watt contributions of all the power-related terms are independent
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of the output power level. This is in contrast to the contributions from
all other terms and results from the proportionality of the size of each
power-handling element to the power level.

Now optimization of any single step m with respect to some variable
of that step requires that the derivative of U with respect to that variable
be zero. Because of the independence of the steps, only f, and C,, are
affected by such a variable. Therefore, when Eq. [11] is differentiated
with respect to any variable of a cell step or an array step, 3_, remains
fixed and does not contribute to the derivative. It is thus necessary to
separate the optimization of all steps within K, (all cell and array steps)
from the rest.

Cell and Array Step Analysis

Separating out of Eq. [11] the properties of one step m from either the
cell or array classes, we obtain

Koym+ Cpry Kon [1+ Cn/K,
U=—"""->—"+ =—am | - T ¥m/Ram
GF.f. TZPTGR. [ f ] +Zp
_ K;,,, 1+«
‘GF;,[ fm ]+ 2 el

where K., = Ko = Cm and kp, = C/K m can be regarded as a special type
of cost fraction of step m relative to all the rest of the costs up to array
completion (including fixed costs). Eq. [11a] displays a result of para-
mount importance: every step-efficiency factor until array completion
has its same fractional impact on the cost/Watt of the entire array (al-
though not on the subsequent power-handling elements). This is a direct
consequence of the multiplicative roles of the f;’s in contrast to the ad-
ditive contributions of the C;’s. In physical terms, this result says that
any loss of power, regardless of its origin, decreases the value of the
complete array in direct proportion; or alternatively, a proportionately
larger (and proportionately more expensive) complete array would be
needed to compensate the loss. Furthermore, Eq. [11a] shows that no
step can be optimized by considering only its own cost and performance,
since every expression for U to be minimized has in its k,, the K am €ON-
taining all the other costs.

To facilitate the optimization procedure we define for each step a
fractional power loss A\; = 1 — fj. Then the quantity to be minimized
becomes

Kom 1+ &,
v GF',,.[l—km]+zp' =
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and, since the variables of step m are now exclusively in «,, and A,,, the
quantity in brackets is all that need be minimized. Differentiating that
quantity with respect to an appropriate variable of step m, which we
denote by x, and setting the result equal to zero, we obtain the general
optimization condition

1 dkm _ 1 dAm
[1+x,,,] dx [1—)\,,,] dx [13]

In many cases we find that «,,, << 1 (i.e., Co, < K,») and A\, < 1, s0
the optimization condition simplifies to the approximate relation

—_— - [14]

For these cases it is often convenient to rewrite the cost per Watt as

.

K K
~ 4% m m ~—%[1+ m ml] + ’
U FmG[1+K +)\]+Zp FG[ K +)\] Zp

[15]

since x, « 1is equivalent to K,,, =~ K, and \,, « 1 is equivalent to Fi,
=~ F. Thus, ,, and A, are small perturbations on the approximate total
array cost per output Watt, and optimization requires the minimization
of the sum (xp, + Ap,) which we call the “penalty” for step m.

These relations have neglected cases for which Y; may vary with a
variable x. It has been shown by Smith Freeman of these Laboratories
that in such cases, the effect is to add another similar term to [1 + «,,, +
Am] in Eq. [15].

Power-Handling Step Analysis

To deal with the power-related system elements most clearly, we revise
Eq. [10] for K to express the power-related cost terms as they were given
in Eqs. [6] and [7]

n n
K =Ko+ Ga ¥ ujfpfps1---fi-1=Ka + Ga 3 u;j [16]
Jj=p =P

where u; can be seen to be the cost/Watt of step j reduced by the product
of the performance factors of the preceding power-related elements. This
arises because the factor G,, which is the full array power density,
multiplies each term. It is significant that when step m being analysed
is one of this class, only the terms of step m itself and those following it
contain either u,, or fn,. The consequences of this are apparent when we
express the cost/Watt as
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y=-K. K G 1g,. [17]
Go Gmem GF, fmj=p
The factor (1/f,;) multiplying the sum causes every term following the
m term to lose its dependence on f,, and therefore drop out of the de-
rivative of U (see Appendix). Thus only the array total and the preceding
power-related terms influence the optimization of element m for the
same reason that the power-related terms did not affect the optimization
of an array step. Recalling the yield analogy for power in these elements,
we can understand this result from the analogous general statement that
yields affect all preceding steps only.
Defining now
m-—1
Un-12£2+E ) [18]

a Jj=p

as the total cost/Watt of everything preceding step m, it is shown in the
Appendix that the condition for minimum U for any of these steps is
precisely the same Eq. [13] found for the cell and array steps, provided
that one changes the meaning of «,, to

u'm
= . 19
o Um—l [ ]

This then becomes the “cost fraction” to balance the power loss fraction
Am for this class of system elements.

Discussion

Certain features of the results of this analysis are specific to the choice
of formulation of the cost terms for the power-handling elements. Al-
though the present choice seems most appropriate, an alternative might
be justified in small systems. That would be to require that the power
rating of all these elements be fixed at the same value, G,4, so that u}
= u; even though the evaluation of G, would permit values of f; less than
unity. This would simplify the analysis and modify some of the conclu-
sions, although the optimization Eqgs. [13] and [14] would not change.
The evaluation of x,, would be the same for all steps of the system, given
by xm = C/K, where K, = K — C,. Moreover, every f; would have its
fractional impact on the cost/Watt of the full system.

In general, however, this analysis demonstrates that the cost-perfor-
mance tradeoff for any step is accomplished quantitatively by placing
on an equal footing the step’s power-loss fraction and its “cost fraction”,
which must be evaluated as shown. The actual process of performing an
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optimization requires, of course, sufficient information about a step so
that the derivatives of Eqgs. [13] or [14] can be evaluated. In the following
paper? this procedure is used to obtain new optimum specifications for
solar cell metallizations. We may note here that the cell efficiency 7,
plays no role in the optimization, even for cell steps; it may be evaluated
as a convenient milestone in reaching G, using the relation

a
1a = ned’ 11 fj
J=c+1
The quantity ¢’ equals ¢ for flat-plate arrays, but for concentrator arrays
¢’ is the fraction of the array area that is made useful by the collector
optics.

Of considerable importance in the optimization process is the impo-
sition of any constraints that may be applicable to the variables of a step.
We cite two prominent examples of such constraints:

(1) In the metallization on the front of a solar cell there are technological
limits to the width and thickness of the metal lines that are applied.
These must be invoked in formulating the expressions for «,,(x) and
Am(x) that are differentiated in Eqgs. [13] or [14].

(2) The size of the energy storage facility in any system of this type is
influenced by external factors such as the type of application of the
system and the reliability desired of the energy supply. Not only does
the coefficient u,, scale with the size of the storage facility (for fixed array
size), but also the optimizations of the other steps may involve the storage
costs.

It should be noted that, in the long run, the best criterion for optimi-
zation may be the minimum cost per Watt averaged over the life of the
system rather than either the cost per peak Watt or cost per annual-
average Watt. Such life-cycle cost determination will influence the cost
terms in this procedure by the introduction of factors such as component
lifetime and operating costs. As photovoltaic system development pro-
gresses and quantitative evaluation of those factors becomes possible,
this type of optimization analysis should also evolve in this direction.

Finally, we note that this procedure need not be restricted in appli-
cability to simple, flat-plate photovoltaic systems. Concentrator pho-
tovoltaic systems can be treated directly by the use in Eq. [7] of an ap-
propriately small value of ¢ and the inclusion of array terms representing
the optics, heat control, and tracking equipment. Tracking systems also
increase the average value of G to be used in Eq. [2]. Furthermore, some
other solar-electric generating systems are sufficiently similar in their
classes of system elements that this analytic procedure should be quite
directly adaptable to them also. This would seem to be the case for wind
conversion systems and perhaps solar thermal electric generation sys-
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tems. There appear to be analogous system components in solar building
and hot water heaters, so that their cost and performance breakdowns
should also be similar, provided one chooses a suitable analog to the
power output of a photovoltaic system.

Appendix

For any power-related system element we show that the optimization
condition is given by Eq. [13] derived for cell and array steps, provided
that x,, has the value given by Eq. [19]. The starting point here is Eq.
[17] for U which we repeat

K, G,
+— —
U=Gr.in m,zp"’
K, Gy [ 1 m U
= ” + +_
GFofm = GF, [f,,.,p”’ fm

+ . i ujfpfp+l .. -fm—lfm+l .. fn]
J=m+1

which follows by simply grouping the steps from p to n. We show ex-
plicitly the cancellation of f,, from all terms following the mth step. We
next form the derivative of U with respect to x, a variable of step m, and
note that since only u,, and f,, are functions of x, the last group of terms
do not contribute to the derivative. Setting the derivative equal to zero,
we obtain

j_(;=0=c,%;,,§£<fim> +G(1;ra;,.[d (f,,.) =Z %

f % df"'
Ko dfm _ Ga dfm : " d " dx
TTha pa 5T R

Removing the common factor (1/f2) and rearranging,

af,,,d“m GZ"' [K +G, (u;,+’;'=z'p‘u;)].

Dividing by G, and using the definition for U,,—; in Eq. [18]
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f im duy, _dfm [G

dx  dx
dfm

+Zu,+u ]

j=p

2 U + i) = Up s 11+ il Up - 1]“”"‘

Now we label the fraction u,,/Un—; by «, for these elements as in Eq.
[19] and obtain

fm [1 + km

M_m=_[ ! ]dxm-[ 1 ]%_
fm dx 1—Aml dx 1+ kml dx’

which is Eq. [13].

dfm
i
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Optimization of Solar Cell Contacts by System
Cost-Per-Watt Minimization*

David Redfield
RCA Laboratories, Princeton, N.J. 08540

Abstract—New, and considerably altered, optimum dimensions for solar-ceil metallization
patterns are found using the recently developed procedure whose optimization
criterion is the minimum cost-per-Watt effect on the entire photovoltaic system.
lt is also found that the optimum shadow fraction by the fine grid is independent
of metal cost and resistivity as well as cell size. The optimum thickness of the
fine grid metal depends on all these factors, and in familiar cases it should be
appreciably greater than that found by less complete analyses. The optimum bus
bar thickness is much greater than those generally used. The cost-per-Watt penaity
due to the need for increased amounts of metal per unit area on larger cells is
determined quantitatively and thereby provides a criterion for the minimum benefits
that must be obtained in other process steps to make larger cells cost effec-

tive.

Introduction

Current efforts to apply photovoltaic energy conversion to terrestrial
needs demand major reductions in the specific cost of the power gener-
ated. Such reductions require that an optimum be achieved in the
tradeoffs between cost and performance at each step of the fabrication
of a complete system. There is now available a general analytic procedure
for achieving those optimal! and this paper makes the first application

* This work was performed for the Jet Propulsion Laboratory, California Institute of Technology, under

Contract No. 954352.
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of that procedure to the analysis of the metal contacts of a solar cell.
Although a variety of contact arrangements are in use, we apply this
analysis here only to the most widely used contact arrangement on a
circular silicon cell.

The difference between this and previous analyses is that this opti-
mization is not restricted to minimizing the power loss, but rather, it
minimizes the cost per watt U of the entire system as U is affected in
both cost and performance by the metal contacts.

The analysis of the front contact is particularly useful for two reasons:
(1) this has been one of the major expenses in previous cell fabrication
processes and (2) there are four types of performance loss associated with
the front contact and, although usually no one is very large, their sum
is an appreciable fraction of the available power so that optimization of
the patterns is very important.

Because, as will be seen, each of the terms expressing the fractional
costs and fractional power losses is small compared to one, the optimi-
zation procedure of Ref. [1] is used in the simplified, approximate form
appropriate for such cases. This requires minimization of the quantity
called the penalty

P=(x+ M. (1]

Here \ is the fractional power loss associated with the metallization and
x is the cost fraction of a metallization step relative to the complete array
cost. In the terminology of Ref. [1], x = C/K, where C is the cost of the
metallization process per unit area of the array and K, is the sum of the
cost of the complete array plus the fixed costs of the system, all divided
by the array area. Generally, it is necessary to include in C the yield
factors of all subsequent steps and the fraction of the array covered by
the cells. Independent estimates on real systems, however, show that by
coincidence those two factors approximately cancel in the case of the
metallization, so that C may be taken simply as the cost per unit cell area
of the actual metallization step which in Ref. [1] was labeled k.

Eq. [1] for P neglects the possible effects of variations in the metalli-
zation process on the yield of that process; a third similar term would
be required in the parentheses of Eq. [1] to account for yield varia-
tions.

As shown in Ref. [1], a minimum of P implies the optimization con-
dition

de __dA

dx-—gx. (2]

where x represents an appropriate variable of the step being analyzed;
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in this case one such variable will be the metal thickness and another may
be the metal line width or spacing of the fine lines.

Cell Model

To have a concrete example to optimize, we choose the most widely used
cell and metal geometries—a circular wafer cell having radius R with
metallizations consisting of a simple fine grid and a central bus bar from
which the current is drawn at one end. This is shown in the upper part
of Fig. 1, which also gives the other geometrical labels used for the fine

FRACTIONAL POWER LOSSES
FINE GRID BUS BAR
2w
SHADOW A b/a R
RESISTIVE LOSS 4 PmRr? 2 24 PmA?
IN METAL )‘I vV aag, VW,
J P
CONTACT LOSS A ENCICR
c v g
Pe 12
SHEET RESISTANCE J Ps p?
LOSS xsa v xg 3

Fig. 1—Diagram of the cell and metallization geometries illustrating the symbols used here.
The three specific resistances used are p, (/0) for the Si, p. (2 cm?) for the
Si-metal contact, and p, (§2 cm) for the metal. Note t, = t,.

grid and bus bar. The metal strips are equally spaced and all have parallel
sides and uniform thicknesses, although the bus bar thickness t; may
be different from that of the fine grid ¢,. This would be appropriate for
screen-printed metal contacts that appear to be most promising for these
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applications; the fine grid and bus bar patterns would be applied sepa-
rately to obtain different thicknesses.

It should be remarked that the parallel-sided bus bar is not the best
possible choice. Having the new optimization criterion given by Eq. [2],
it can be shown variationally that there exists an “ideal” shape (at fixed
thickness) that gives a lower value for P than any other shape. This ideal
shape has been determined by A. Moore for both circular and rectangular
cells using constraints like those used here.2 However, since the values
of P for the bus bar are only a few percent lower using the ideal shape,
we have retained the parallel-sided strip for simplicity.

The inclusion of appropriate physical constraints in the analysis is
essential. For the fine grid pattern, the constraints used here are (a) the
narrowest line that can be satisfactorily applied will be used and (b) the
lengths of the lines are determined by cell borders as shown in the top
left of Fig. 1. That the narrowest possible line should be used is well
known and will be seen from the following analysis. The bus bar con-
straint is quite different. It can be shown formally and seen intuitively
that the optimum bus bar geometry should be very narrow and thick,
for any given amount of metal, to reduce the shadowed area of the cell.
Therefore, we adopt the practical constraint that the width W must be
four times the thickness ¢s.

The remaining variables whose optimum values must be determined
are the thickness t,, the spacing 2a of the fine lines, and the thickness
to of the bus bar. Since b has been fixed, varying a is equivalent to varying
the fine grid shadow fraction, A\;s =~ b/a. These variables will be used
in place of the symbolic x in Eq. [2].

Evaluation of Cost and Performance Terms

Before Eq. [2] can be solved, the necessary dependences of x and A on
the metal geometries must be determined. In keeping with the rest of
the present treatment, we include only first order terms, leaving re-
finements for later calculation. For example, we write the cost per unit
area of a metallization step as C =~ h + puv where v is the volume of metal
used per unit area of the cell, p is the metal price per unit volume, and
h represents the costs of machinery, labor and overhead that are allo-
cated to a unit area of the cell. It is now assumed that h is independent
of both the amount and pattern of the metal, so variations in the pattern
geometries will appear only in v. Then in differentiating x = C/K, for
Eq. [2], the contribution h will always drop out. We thus redefine C =
pu, retaining only the variable costs that will influence the optimiza-
tion.
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Now v = v./A, = ta,,/A. where A, is the cell area, v. the volume of
metal used on a cell, ¢ is the metal thickness, and a,, the area of a cell
covered by metal. In terms of the fraction of cell area shadowed by metal,
As = am/A., we have v = gt s0

C = pAst and « = pAgt/K,. [3]

Note that v = Agt is not explicitly dependent on either the cell size or
the specific metal pattern.

Next we evaluate the fractional power loss terms to the same first-
order level of accuracy. It is assumed that all the power loss terms of
various types are simply additive and sufficiently small that the frac-
tional power loss of each type is given by the quotient of the actual power
loss and the cell generating capacity in the absence of any of the metal-
lization losses. This approximation neglects the small decrease in
available power as the current flows through successive stages of the
device.

Another useful simplification stems from the constraints that are used.
Since the lengths of the fine grid lines are fixed by the cell geometry and
there is just a single central bus bar, there is no interaction between the
properties of the fine grid and those of the bus bar. They are thus opti-
mized independently.

The power loss terms are tabulated and evaluated in the lower part
of Fig. 1. For the front bus bar there are two terms: the shadow loss

Aos = 2W /xR (4]
and the resistive line loss given by
J pmR3
Aop =224 ——— 5
e = 224750 51

where p,, is the bulk resistivity of the metal (after heat treatment) and
J and V are, respectively, the cell current density and voltage at the
operating point. This last result is obtained by integrating the product
of the square of the distributed current flowing into the bus bar and the
resistance in a differential length, and then dividing by JA.V, the cell’s
generating capacity.

A brief digression seems warranted at this point on the subject of
equivalent series resistance associated with cell elements such as the bus
bar (or other sources of dissipation). Such an effective resistance may
be deduced from Eq. [5] by equating the actual power dissipation to
I2R ;s where I = J A, is the total cell current. It has been common prac-
tice, however, to compute an R from a resistive voltage drop? or even
just the geometrical resistance of a line p,, £/A.* In the present case of
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a distributed source of current, however, these three methods of evalu-
ating an R, give 3 different results and caution must be used in choosing
the correct form for each application. We avoid the problem here by
always calculating the power loss directly; no R is used.

This optimization is now performed for a simple case that could not
be optimized on the basis of performance alone, and one that provides
aresult of considerable further significance. We optimize the properties
of a metal strip whose only loss is the resistive loss in the line A¢; since
shadowing is excluded, this would apply to a bus bar of length 2R on the
back of a cell. It is instructive here to replace W in Eq. [5] with the related
quantity As given by Eq. [4] so that

J pmR?

A=Ap=143— .
¢ V Ast [6]

The cost term has been shown to be given by Eq. [3] so x = pAst/K,.
Thus, the only two terms to be used in the optimization Eq. [2] contain
the product Ast = v, but not either Ag or t separately. This illustrates
the point that neither Ag nor t can be separately optimized in this case;
only the product can. The proper variable to take the role of x in Eq. [2]
is now v = Agt, and the optimization condition of Eq. [2] leads to

Ast=R\/1.43JpVL;<“. ‘ [7]

This optimum volume of metal per unit cell area may be arranged in any
combination of thickness and width consistent with whatever constraints
are applicable. Upon substituting this value for Ast into Egs. [3] and [6],
we find that the cost fraction and loss fraction are equal

mep
«=A=R 143 ———. 8
. \V vl 8

The optimization procedure is applied next to the front bus bar and
then the fine grid by finding the geometry for each that satisfies Eq. [2].
For the front bus bar, there are two sources of power loss as shown in Fig.
1: the line dissipation given by Eq. [5] and the shadowed area given by
Eq. [4]. The cost term is still given by Eq. [3]. As noted earlier, it is nec-
essary to introduce a physical constraining relating the metal width to
thickness and we have chosen W = 4t to give the thickest line that seems
practical to apply. (Since the thickness of screen-printed metals shrinks
to about half during heat treatment, the line is printed at a width/
thickness ratio of 2.) Then Aog = 2W/nR = 8to/7R and the only inde-
pendent variable is ¢, in terms of which we now have
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2
2
> ——L 9
"2 mK,R )
and
8ty J pmR

A =—"7"+4+056—-- 10
- 7R V t2 [10]

Taking derivatives with respect to ¢, and making use of the optimization
condition, Eq. [2], we obtain the equation for the optimum value of ¢,

2p J
kaqw,+z&m-a44&me4=0, [11]

which must be solved numerically.

For an illustrative example we assume K, = $0.0125/cm2, which cor-
responds to a (projected) array cost of 1$/W, a 12.5% array efficiency,
and 100 mW/cm? solar irradiance. We also assume cells made from 3-inch
diameter wafers (so R = 3.8 cm), J/V = 0.05 Q! em—2 (which corre-
sponds to a fairly good cell whose performance is to be optimized over
a full day, not just at solar noon), and for screen-printed silver contact
metal p, = 3.2 X 1076 Q-cm and p = 1.30$/cm?. These assumptions lead
to Loopr =~ 150 um so W = 0.6 mm and Aog = 0.01. With these values, we
find that o = 0.016 and X\, = 0.031, thus confirming the initial assump-
tion that these fractions are much less than one. Nevertheless, the total
penalty (« + X) = 0.047 shows that 4.7% of the array cost per Watt is at-
tributable to this bus bar, although the actual cost of the metal is only
1.6% of the array cost. Thus the major part of the penalty is due to per-
formance loss, not metal cost.

The fine grid pattern will be optimized next using the same procedure
but with the constraints described earlier for this case. This case is more
complicated than that of the bus bar because, as shown in the table of
Fig. 1, there are four types of losses. In addition to the shadow and line
loss that are present in the bus bar, we must include the resistive loss in
the very thin front layer of the cell

_J peb?

Asi = ,
ST Vang

(12]

where pgs (2/0) is the sheet resistivity of the front layer, and the contact
resistance loss at the metal-semiconductor interface

_d pe

Ae = -
Vs

[13]
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Here p. (Q2-cm?) is the specific contact resistance. Thus the full expres-
sion for the fractional power losses associated with the fine grid be-
comes

M=Ast

2
J[ p:b% | pe | omR” ] [14)

VISAZL  Ns  4hst ]

The numerical factor in the last term differs from that of Eq. [6] because
it is computed by integrating the power loss over all the lines of different
lengths.

In this case the minimization of the penalty requires the simultaneous
optimization of both A\;s and ¢ (in contrast to the bus bar case for which
that is not possible). This is best accomplished by partial differentiation
of (xk; + \y), first with respect to ¢t; which, when set equal to zero, gives
the first condition

meKa

Viept = Mist1 = R 4Vp

[15]

just as in Eq. [7] (except for the numerical factor). We thus understand
this to be the optimization of the amount of metal per unit cell area. It
also follows that

Jpmp

x1 (cost fraction) = line loss fraction = R \/4VK .

[16)

These two terms of (x; + A;) are thus independent of A, s and ¢,, so that
partial differentiation of (x; + A;) with respect to A5 leads to the sur-
prisingly simple equation for \;s

. J 2dJ
As — <‘7 pc) Mis — gvpsb2 [17]

This is a noteworthy result in that the optimum shadow fraction is in-
dependent of cell size, metal cost and resistivity, and array cost. Those
factors are significant only for determination of vy; A5 then simply
distributes the metal in the manner that optimizes the performance.

Moreover, in the familiar cases when p, is small (<1073 Q-cm?) enough
to neglect the middle term

A o 2Jpgb2\ 1/3
1“_<3v> '
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When this is substituted into the term for the sheet resistive loss in
the front layer (i.e., that containing p,), the value of that term becomes
Ms/2. The only remaining term in (x; + A;) depending on A, is the ex-
plicit shadow fraction itself. Thus we confirm that the smallest possible
value of b should be used, as is the case when only performance is opti-
mized.

Returning to the more general case in which A, is found from Eq. [17)
and vy, from Eq. [15], we evaluate the case used for the bus bar, i.e.,
the case of 3-inch diameter Si wafers, as a numerical illustration. We
assume the Si front layer to have p, = 50 /0, the specific contact re-
sistance p. = 1073 Q-cm? and the minimum metal line width as 2b = 125
um. These lead to a value of \;s = 0.040 (i.e., 4% of the area is covered
by the fine grid metal). With the other values for the various parameters
in Eq. [15], we obtain ¢10p; = 18 um. Then «; = 0.008 and \; = 0.069. Thus
the fine grid accounts for less than 1% of the actual expenditure but loses
nearly 7% of the power (4% shadow and 2% Si resistance loss).

Combining now the optimized contributions of the fine grid and the
bus bar

Aot = A+ X2 = 0.069 + 0.031 = 0.10
KTot = K1 + k2 = 0.008 + 0.016 = 0.024 [18]

so the performance penalties far outweigh the cost contributions.

An illustration of the use of these results appears in Fig. 2 for 3-inch
wafers with total array cost per Watt as the independent variable. It is
important to note how the total cost influences the choice of metal pa-
rameter values. From the lowest curve, for example, it can be seen that
for more expensive arrays it is worthwhile to increase greatly the amount
of Ag to obtain a gain in performance.

Another use of these calculations is in connection with the question
of how large the individual cells should be; this will become an important
question as large-area sheets become available. Apart from any other
considerations, it is clear qualitatively that as cell size increases, resistive
losses in the metals will increase and the amount of Ag needed per cm?
will increase. It is necessary therefore to determine quantitatively what
impact those increases will have on U because they will have to be offset
by potential benefits in handling fewer cells (e.g., fewer interconnections
in the module). We have calculated the variation in optimum U as a
function of cell size, using as reference a 1$/W array for 3-inch cells. The
results shown in Fig. 3 indicate, for example, that an increase from 3-
inches to 5-inches (12.7 cm) wafers requires that ~4% of U must be
gained elsewhere in the fabrication to just compensate for the penalty
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arising from the front metals alone. A significant consequence of this
analysis was the conclusion from an extensive calculation® that all the
anticipated processing benefits from handling fewer 5-inch cells would
be cancelled by the penalty caused by the need for more metal, even at

FRACTIONAL $/Ww

o PENALTY {A+x)

OPTIMUM FINE GRID

20 THICKNESS
m
T

10

170 OPTIMUM BUS BAR
am THICKNESS

150

130

3 METAL COST/WATT

CENTS
z .

R | J
0.5 1.0 2.0

ARRAY COST (§/w)

Fig. 2—Effect of total array cost in $/W (plotted logarithmically) on several front metallization
parameters of 3-inch diameter cells with screen-printed Ag lines having straight,
parallel sides. The curve (A + «) is obtained from totals like those in Eq. [18].

optimum conditions. That calculation, however, did not consider possible
changes in the cost per unit area of the silicon sheet that might be asso-
ciated with changes in wafer size.
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Optimum Shape of the Bus Bar on Solar Cells of
Arbitrary Shape

A. R. Moore

RCA Laboratories, Princeton, N.J. 08540

Abstract—A complete procedure is given for determining the optimum shape of a central
bus bar collecting current from a solar cell of circular or rectangular shape. It is
applicable to cells of arbitrary shape. The method is a variational calculation that
finds the form and adjusts the shape and thickness of the bus bar such that the
cost, U ($/W), of the photovoltaic conversion system is a minimum. The bus-bar
shape found for a given cell contour is the best possible shape for the given set
of parameters. Assuming screen printed silver electrodes and array costs of $1/W,
the cost reduction over a rectangular bus bar that has also been optimized for
minimum system cost is small. However, the thickness is reduced by ~25%.
Compared to a currently manufactured 3-inch diameter cell with an evaporated
bus bar, the cost reduction is ~$0.072/W, a substantial amount. Also calculated
is an optimum symmetrical bus bar that extracts the current through two leads,
one at either end of the bus bar. For a 3-inch diameter cell, a cost saving over the
optimum single-ended bus bar of $0.028/W and thickness reduction of ~33 %
is indicated, at the expense of interconnection complexity.

Introduction

Even though sunlight is free, if electric power generation by photovoltaic
conversion is to become a viable alternative to conventional electric
power sources, it is essential that the cost of the photovoltaic array be
reduced to the absolute minimum possible within the capability of
known or even projected technology. This is true regardless of the
methods used to make the individual cells, whether single-crystal silicon,
thin-film crystalline or amorphous material, or thick-film crystallites.
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Every step in a projected process must be evaluated for its contribution
to the net power output and the costs associated with that contribution.
A general theoretical framework has already been constructed,! in which
it is shown that the quantity to be minimized is total cost per watt of the
system, U ($/W), and that every step efficiency factor has its fractional
impact on total cost per watt. It has also been shown? that while, gen-
erally, steps are interrelated and cost and performance must be con-
sidered for all steps simultaneously, the bus bar optimization becomes
independent of the fine grid design for the front metallization step when
the fine grid line length is determined. Many examples are given in Ref.
[2] in which the dimensions of the screen-printed silver bus bars are
optimized. The functional form of the bus bar, however, is assumed in
that paper to be a single, central, uniform bar collecting current from
the cell area.

In this paper, a very specific question is considered: given a cell of
arbitrary but known shape, what is the optimum shape and thickness
of a central bus bar such that its contribution to the total cost per watt
shall be a minimum? By optimum shape we mean here the optimum
width profile at optimum uniform thickness; thickness profiling is not
considered, because it is thought to be technologically impractical. At-
tempts at an answer to the question can be seen in some commercial cells
in which the bus bar is evaporated in the form of a wedge, narrow at one
end and widening toward the lead contact where the total current in the
bus bar is larger. We give here a systematic design method that yields
the best possible shape for the given set of parameters. To make the
method applicable to an arbitrary cell shape, the problem must be solved
in its most general form. Important special cases are treated as appro-
priate.

Calculation

The calculation begins with the general economic equation given in Ref.
[1], which is applicable to processes that have small cost increments or
losses:

Ug = Ugo(1 + km + ). (1]

Uso is the cost per watt of the collector array not counting the effect of
the bus bar metallization step, «, is the fractional increase in cost arising
directly from the metallization operation and A\, is the fractional increase
in cost indirectly attributable to the bus bar because of the loss of power
output. ., is chosen to include only that portion of the cost of the process
that scales directly with the amount of metal used, i.e., the cost of the
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metal itself. This is because, seeking the minimum U,, we will differ-
entiate Eq. [1] with respect to a functional variable that would cause a
constant term to disappear. A, is composed of two parts that contribute
to power loss and hence to increased system cost per watt:

Am = Fsy+ Frp. [2]

Fsy is the shadowing fraction and Fyp is the fractional power loss in the
resistive drop along the bus line.*

To calculate the three contributions to the cost increase we set up the
geometry according to Fig. 1. Symmetry around the x-axis is assumed.
f(x) is the arbitrary but known shape of the periphery of the cell, y =

A
CELL
£(X)
Y
BUSBAR
w(X)
9, ta THICKNESS
.
° X X,

Fig. 1—Coordinate axes and geometry of the problem. The y-axis scale for W x) has been
expanded for clarity.

W(ay,x) is the unknown shape of the bus bar where the half width at the
narrow end, a, and the thicknesses ¢ are to be determined.
Fsy can be written immediately:

Fou = j:) “ Wx)dx / j:) " f(x)dx 3]

F.p is computed as follows. The total current in the full width bus bar
at any point x is

[(x) = 2Jmp j; f(x")dx’,

where Jp,, is the photovoltaic current density at the operating point.
From Ohm’s law in the bar, the field E(x) is related to the current density

* This notation is different from that used in the previous paper, where Fg, is denoted As and Fipis
Ao.
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by the bus bar resistivity pp,:
E(x) = J(x)pm = 1(x)pm/2W(x)t.

Since the field is also given by d V/dx, we have for the power dissipated
in an increment dx of the bus bar
dP = 1(x)dV = I%(x)pmdx/2W(x)t

x 2
2J,,,,,2[ j; f(x’)dx’] pmdx

Wix)t

Then

x 2
xn[j; f(x')dx ] dx

2 mp2p
t 0 Wi(x)

The fractional power loss is P/power output = P/I mp Vmp Which leads

to
x 2
f(x)dx’' | d
Fip= (%) ﬁx()[j; ‘;(x)x ] - /J;xof(x)dx, [4]

in which b = Jpnppm/Vmp, a constant assumed known.
km, the cost fraction of the silver, is given by the same formula as in
Ref. [2],

km = ptFsy/K, [5]

where p is the metal cost/cm3 of metal in its final condition (i.e., after
firing) and K, is the cost/cm? of the array. When efficiency is specified,
K, can be related to U,. The cost fraction «,, and both loss fractions Fsy
and F;p are assumed small compared to one.

The problem now is to minimize Eq. [1] with respect to the function
y = W(x) or, what is the same thing, to find that function W(x) that
makes «,, + A, as small as possible and find that smallest value. In Ref.
[2], in which the form of W (x) was already assumed known (rectangular
bus bar W(x) = W/2), it was shown that it is not possible to minimize
U, with respect to both metal thickness and shadow fraction because
that leads to infinitely large ¢t and zero W. An additional constraint was
therefore imposed on the problem, namely that the thickness ¢ always
be 1/4 of the full line width W, a requirement compatible with screening
technology. A similar constraint is required here. Since now W(x) is not
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a constant but increases with x, the constraint takes the form W(x) =
2t, which keeps the bus bar printable at its narrowest point, a;. We now
let

J; " fx)dx’ = Z(x) [6a]

2/ (" e = cy / [6b]

» independent of x

[l + Kﬂat]/‘j;xof(x)dx = Cgs [6¢]

In these terms, the mathematical problem is t¢ minimize, with respect
to the function W(x), the sum

x  [Zx)]?
A, = C ok o f Cy W(x)d 7

“ J; "Wx) 2 Wix)dx, 17]
subject to the constraint

Wi(x) = 2t. [7a]

Problems of this sort are normally solved by the calculus of variations.3
The special case of constraint with inequality conditions has been treated
by Kuhn and Tucker.# The Lagrangian L is written in terms of the un-
determined multiplier function A(x).

L=xp+ A\, — ﬁ’“’ M) [W(x) — 2t]dx.

Then the variational derivative 6L/éy = dL/3dW (x) gives the Euler-
Lagrange equation

—Gi[Z(x)]?
[W(x)]?

Now either W(x) > 2t and A(x) = 0or W(x) = 2t and X(x) > 0.
Suppose W(x) > 2t in a certain range of x. Then Eq. [8] gives

Ca— \Mx) = 0. (8]

or
Wi(x) = (C,/C)2Z(x). [9]

Suppose W(x) = 2t in another range of x. Then Eq. [8] no longer applies
and the solution is simply
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W(x) =2t =a,. [10]

Since W(x) will be constant or monotonically increasing over all x from
0 to x¢, there will be a single dividing line or crossover point of x, below
which Eq. [10] applies and above which Eq. [9] applies. Thus, Eq. [10]
applies over the range 0 < x < a, and Eq. [9] applies over the range a»

=< x = x¢. To find the crossover point a, (assuming the continuity of
W(x)), set Eq. [9] equal to Eq. (10),

fi(x) = Z(x) = (C2/Cy)'%a; = 0. [11]

The root of Eq. [11] gives ag, and W(x) is now completely defined.
Substitution of W(x) back into Egs. [3], [4], and [5] using the definitions
of Eq. [6], and minimizing the sum with respect to ¢ or a; completes the
problem.

It is not very helpful, however, to proceed beyond the present point
before particularizing the problem to cell shapes of interest.
For a rectangular cell,

f(x) = ay, 0 <x <x,

From Eq. [6a]

Z(x) = fxa,,dx’ = apx
0

W (x) is then of the form W(x) = (C,/C3)/2a,x foras < x < xo (linear
wedge) and W(x) = a, for0 < x < as,.
For the circular disc,

-V

From Eq. [6a]

/

s o =3 =) VET -6
(8) (o (=) 2]

Z(x) is the cumulative area in the upper half plane of the disc swept out
with increasing x. Egs. [9] and [10] then define W(x) as before. W(x) is
sketched for both cases in Fig. 2.

While it is, of course, possible to prove that W(x) is the ideal form for
the bus bar with the given set of parameters and constraint, it is not really
necessary because of the nature of the variational solution. The Euler—
Lagrange equation itself is derived by proving that it is a consequence
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of the correct choice of the function whose integral is to be minimized.3
On the other hand, there is nothing in the present solution that guar-
antees that a single central bus bar, even if optimized, will yield a lower
loss fraction than some other geometrical configuration. At the present
time, the only solution to that question is to guess a configuration, take

RECTANGULAR CELL f(l)'ob

A

\
[- Y [CYUPEpE). .
v

CIRCULAR CELL ftx)=/(%aft (x- %0)?

Z()=f% t(x)ax

A
Y
W(x)=q,
(I' P4
PR
Vel |
< |
- = ] c
o ° X -
2 x o
Fig. 2—Sketch of the variational solution for W x) for the two cases: rectangular and circular
cells.

advantage of whatever symmetry is available, calculate the optimum
loss fraction and bus bar shape by a scheme similar to the one presented
here, and compare results. While not esthetically satisfying, such a trial
and error approach will probably lead fairly quickly to a satisfactory
design.

A complete solution useful in design of practical devices on cells of any
shape must be obtained numerically. Because minimizing the cost of
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Table 1—Optimum Bus Bar Using Optimum Function W(x) for a Circular Cell: diameter
xo, area C, Impom/Vmp = 1.6 X 1077; cost of silver p = $1.30/cm?3 and bus bar
resistivity pm = 2pagsutk) (screen printed); cost of array K, = $0.0125/cm?

($1/W).
Dia. (inches) 3 5
xo (cm) 7.620 12.70
C (cm?) 45.604 126.68
Ay (cm) 0.0237 0.0378
Az (cm) 3.346 4.873
C, (cm™?) 0.104 0.0447
Fsy 0.0114 0.0124
Fip 0.0197 ©.0305
Am 0.0311 0.0429
Km 0.0140 0.0244
km + Am 0.0452 6.0674
t (um) 119 189

Optimum function W(x) = A, for0 < x < A,
= A,C,Z(x) for A2 S x < xo

where Z(x) = J;x f(x)dx and f(x) is the cell periphery

solar cells is so important, the analysis has been carried out completely
for the two cell shapes discussed above. The full procedure is given in
the Appendix. The most important circular cell is given first, with typical
results tabulated in Table 1 and a plot of the computed bus bar shape
for a 3-inch cell in Fig. 3. Although for a circular cell the integrals can
be evaluated analytically with some difficulty, numerical integration
is used so that the same procedure is directly applicable to any cell shape
merely by a suitable choice of Z(x). The rectangular cell solution is given
next with typical results in Table 2. This solution uses analytic evaluation
of the integrals, which in this case is relatively simple.

Table 2—Optimum Bus Bar Using Optimum Function W(x) for a Rectangular Cell: di-
ameter xg, area C, Jmppm/Vmp = 1.6 X 1077; cost of silver p = $1.30/cm3 and
bus bar resistivity pn = 2pagum) (screen printed); cost of array K, =

$0.0125/cm? ($1/W).
Length (inches) 3 5
xo (cm) 7.620 12.70
C (cm?) 45.604 126.68
a; (cm) 0.0244 0.0391
as (cm) 3.391 4.771
C, (cm™?) 0.986 0.420
Fsy 0.0110 0.0119
Fup 0.0194 0.0302
Am 0.0304 0.0421
km 0.0139 0.0242
km + Am 0.0443 0.0663
t (um) 122 195

Optimum Function W(x) =a,for0 < x <x¢

___ﬂ(_z_) foras £ x £ xo
2 X
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Table 3—Optimum Bus Bar Using Optimum Function W(x) for a Circular Cell and
Double-Ended Bus Bar (Two Leads): Diameter xg, area C, Jmppom/ Vmp = 1.6
X 10~7; cost of silver, bus-bar resistivity, and cost of array same as Tables 1 and

2.

Dia. (Inches) 3

r= X0/2 (cm) 3.810
C/2 (cm?) 22.8185
A; (cm) 0.01595
Ay (cm) 1.583
C, (cm™2) 0.208
Fsy 0.00530
Fip 0.00705
Am 0.01235
Km 0.00440
km + Am 0.0167
t (um) 80

A third numerical example is also calculated in which the current is
extracted from two leads, one at either end of the bus bar. The geometry
is shown in Fig. 4. The cell is circular, the bus bar central, but symmetry
about the y-axis is added. This case is easily derived from the single-

. T T

COMPUTED OPTIMUM BUSBAR SHAPE

3" DIA CIRCULAR WAFER

03 NOTE

Y AXIS SCALE IS 100 TIMES EXPANDED

T 02f- -
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>

olF 4

F 1194 = 4.7 mils THICK
7
7
7
7
7
7
7
P
ole” 1 1
) | 2 3

X {in)
Fig. 3—Computed optimum bus bar shape for a 3-inch diameter circular wafer. Area = 45.60
cm?, price of silver = $1.30/cm3, array cost = $0.0125/cm? ($1/W). Note that
the y-axis scale has been expanded 100 times.
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ended case by shifting the origin. Table 3 gives results for a 3-inch di-
ameter cell. All three examples assume screen-printed silver bus bars
on single crystal silicon cells.

BUSBAR W(x)
t= THICKNESS

of X r

Flg. 4——Coordinate axis and geometry for a double ended bus bar, current extracted at both
ends. The y-axis scale for W x) has been expanded for clarity.

Conclusions

A complete procedure has been given for determining the optimum shape
of a central bus bar collecting current from a solar cell of circular or
rectangular shape. The procedure is applicable to cells of arbitrary shape.
The criterionis that the quantity U($/W )be a minimum. The savingsto
be realized by its use depend on towhat the result is compared. For
typical 3-inch and 5-inch diameter circular cells selling at a system cost
of $1/W, the total loss fraction «,, + A, = 0.045 and 0.067 and the opti-
mum bus bar thickness is 119 um and 189 um, respectively. The same
cells with rectangular bus bars, also optimized for minimum $/W, have
loss fractions of 0.048 and 0.073 and optimum thickness of 153 um and
261 um, respectively. The saving due to the use of the ideal bus-bar shape
is therefore small, $0.003 and $0.006/W, respectively. The 25% reduction
in thickness would provide some slight technological advantage in shorter
firing time and less danger of cracking and peeling. On the other hand,
a 3-inch diameter circular cell of current manufacture using an evapo-
rated silver rectangular bus bar shows a total loss fraction of 0.117. If this
cell were in an array selling at $1/W, the penalty for improper bus bar
design would be $0.072/W, a rather substantial amount inasmuch as we
consider here only the bus bar and not the entire metallization. Since
at present the cost far exceeds $1/W, the penalty is actually that much
larger. While, as noted above, the saving of optimum shape function over
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optimum rectangular bar is small, it would appear that if one goes to the
trouble of optimizing, one might as well go all the way and use the best
possible procedure.

The double-ended bus bar shown in Fig. 4 achieves considerable saving
over the corresponding single ended one. The total loss fraction for a
double-ended optimized bus is 0.0167, yielding a saving of $0.028/W at
a system cost of $1/W. The thickness is only two-thirds of the single-
ended bus while the shadow fraction is only approximately one-half as
much, meaning only one-third as much silver is required. The saving,
of course, is purchased at the expense of increased complexity of the
interconnections.

It should be noted that if minimum power loss is desired rather than
minimum U, all formulas apply with the price of silver p set equal to 0.
If technological or other limitations prevent the use of the optimum
thickness and ¢t must be considered fixed, the same formulas will yield
the optimum shape under that limit. In that case, ¢t being given, 4, is
immediately determined by A, = 2t. The solution proceeds from
there.
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Appendix—Numerical Solutions

Circular Cell, Diameter xq, Area C

Let

J;xo f(x)dx = C/2 (1/2 cell area, assumed known)
Main Program:

Evaluate Fgy = % las + C,1,]

4b
Frp= m[la + 1,/C,]
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Amn=Fsy+Fip t=A,/2

Evaluate: x,, + A, for a range of a; finding that value, A,, that makes
km + Am a minimum. Record «,,, Fsy, Frp, Am, km + Am, A1, Ao, t fora,
= A,

Wx) = A, 0<x=<A,

W(I)=A1CZZ(I) Ay <x <x

Subroutines:
rootfinder, function 1:

filx)=2Z(x)-1/C,=0
root of f1(x) = 0 gives as; as = Ao whena; = A,.

numerical integration, function 2:

f * Z(x)dx = I
a2

numerical integration, function 3:

ﬁ * [Z(0))2dx = I

Evaluate C,, function 4:

1/2
2b
- e =C,
pa, :
14+5°1) a3
( 2K.,> o
Evaluate Z(x), function 5:
0 = 2cos™! (1 _
X0

) trigonometric form of Z(x)
"1—"6 (9 — sinb) = Z(x)

Rectangular Cell, Length xq, Area C

Main Program:

Evaluate Fgy = % [F1]
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4b

Fip=——IF.
0= Gorg i
pai
= Fo
fm= ok, SH

Am =Fsu+ Frp, t =a,/2

Record «m, Fsu, FrLp, Am, km + Am, a1, as, t for the computed a,

W(ix)=a;,, 0<x<as
cC
Wi(x) = 8=z <—{-) a2 <x <x¢
2 X0
Subroutines:

rootfinder, function 5:

Sy s _bCIF9] _
fs(ay) Kaal a; %o [Fi]

root of fs(a;) = 0 gives a;

0

Evaluate function 1:
cc
[02 + —% (xp2 - 022)] =F
4x0
Evaluate function 2:
[__Ca23 + (xo® T.—‘1—"’2)] =F,
3x0 Cz
Evaluate C,, function 4:

1/2
2b

o (1+3¢)

Evaluate as, function 3:

=C,

2x0 =a
cc, ?

Circular Cell, Diameter xo, Area C with Symmetrical Bus Bar (Two
Leads)

The only changes from the single-ended bus bar, circular cell, above are
that we let
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j; " fx)dx = C/a,

Wherever C appears in single ended case, write C/2. Wherever x ap-
pears, write xof2 or r,
Z{(x) is now given by

6 = 2cos™!
os™(x/r) trigonometric form of Z(x)

r2
.4— (r +sinf — 0) = Z(x)
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Silicon Epitaxial Growth via Dichlorosilane in a
Barrel Reactor

Y. S. Chiang
RCA Laboratories, Princeton, N.J. 08540

Abstract—This report presents the resuits of the study of silicon epitaxial growth using di-
chilorosilane in a large vertical barrel reactor. Thickness uniformity, surface quality,
and resistivity control and uniformity of the epitaxial layers were studied and op-
timized in terms of the operating parameters of the system. Under the experi-
mentally defined optimal conditions, thickness uniformity in the neighborhood
of £5% is achieved for growth rates in the range of 2 to 6 um/min. The resistivity
of undoped layers on heavily doped n* substrates is equal to or exceeds 100
ohm-cm. The doping control and resistivity uniformity are more than sufficient
for growth of high-volitage device structures. Surface quality comparable to that
obtained via silicon tetrachloride has been achieved.

I. Introduction

The epitaxial growth of silicon on silicon in a horizontal reactor!-4 or
vertical “pancake” reactor23:5-7 and on sapphire? via dichlorosilane in
hydrogen have been investigated and reported in recent years. Consid-
erable interest in the subject was generated by the several attractive
attributes of dichlorosilane as a source for silicon deposition. Another
more important consideration is that the purity of commercially-avail-
able dichlorosilane already exceeds the most stringent requirement for
an epitaxial silicon source material. Among the various desirable features,
dichlorosilane is a liquid at room temperature but with a vapor pressure
about 2 atm;? thus its introduction to the carrier-gas stream can be ac-
curately controlled by gas flowmeters. It has also been reported that the
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overall deposition rate is very nearly independent of temperature,
thereby achieving improved control of both thickness and resistivity of
the grown layers.4 In addition, increased growth rate is obtained at ap-
preciably lower growth temperature (1050 to 1100°C)45 in comparison
with silicon tetrachloride as a source.

This paper presents the results of a study of silicon epitaxial growth
using dichlorosilane in a vertical barrel reactor. Thickness uniformity,
surface quality, and resistivity control and uniformity of the epitaxial
layers were studied and optimized in terms of the operating parameters
of the system. Growth temperature, growth rate (concentration), flow
velocity of carrier gas, substrate cleaning and in-situ etching or surface
treatment procedures, choice of susceptor, substrate orientation, and
air-cooling arrangement were among the various controllable operating
parameters examined. Optimum conditions defined via these parameters
are described and discussed in some detail.

2. Experimental

The epitaxial reactor used is a large industrial barrel reactor with a
quartz bell jar measuring 7 inches in diameter, and 27 inches in height.
It holds a silicon carbide coated graphite susceptor that has four tiers
accommodating seven 2V, inch silicon wafers, thus with a total capacity
of 28 of these wafers. Another silicon carbide coated graphite preheater
is placed on top of the seven-faced barrel susceptor. The susceptor is
heated by rf induction at 450 KHz. The wall of the quartz reactor is
cooled by air blown through two annular dispensers situated at the top
and bottom of the bell jar. The flow control panel used was one with mass
flowmeter controls for all the doping gases. The hydrogen carrier gas was
carried via the common laboratory supply line and was derived from
liquid hydrogen. Dichlorosilane (DCS, SiH,Cly) was obtained from Linde
Division of Union Carbide Corporation in 50 Ib cylinder (# 1 size) and
was metered as a gas directly into the epitaxial reactor. Arsine and di-
borane in hydrogen at the 25 to 100 ppm level were used as the doping
gases; they were further diluted with hydrogen in the manifold of the
flow panel, and then injected into the reactant gas stream through the
control of the mass flowmeter. Temperatures were measured using an
optical pyrometer of the disappearing filament type and were not cor-
rected for the emissivity of silicon or the absorption losses through the
quartz wall of the bell jar and the quartz window of the reactor enclo-
sure.

The silicon substrates used were for the most part antimony doped
n* wafers at a resistivity of 0.01 to 0.015 ohm-cm and boron doped p*
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wafers at a resistivity near 0.01 ohm-cm. They were either 2 or 2Y; inch
in diameter, oriented 1.5 to 3.0° off the (111) plane toward the nearest
(110) or £2° off the (100) plane. The wafers were all polished using col-
loidal silica and cleaned just prior to loading into the reactor. The silicon
substrates usually were further cleaned by in situ HCI etching just prior
to growth.10

The thickness of the epitaxial layers was determined using a Digilab
Film Thickness Gauge FT'G-12, and the resistivity by means of two point
spreading resistance probe measurements. Thickness measurements
of the epitaxial layers by reflective interference infrared spectroscopy
using Beckman IR-5A and a cross-sectional spreading resistance probe
were also made for comparison. Agreement of measured values on
identical samples from the three different methods is excellent.

3. Growth Rates

3.1 Effect of Dichlorosilane Concentration, Growth Temperature, and
Carrier Gas Flow

As reported earlier by Robinson and Goldsmith,4 the growth rate is es-
sentially the same over a temperature range of 30°C, which represents
the maximum spread of the growth temperature among all the wafers
in each run, as long as the temperature falls between 1030 to 1100°C
(uncorrected). On the other hand, growth rate is approximately pro-
portional to the concentration of dichlorosilane in the hydrogen gas
stream and increases with increasing carrier gas flow for constant con-
centration of dichlorosilane. Fig. 1 shows the dependence of growth rate
as a function of dichlorosilane concentration at several flow rates of
hydrogen for a growth temperature of 1060°C (uncorrected).

3.2 Effect of Substrate Orientation

The (111) and (100) oriented single crystal wafers have been placed side
by side in many runs, and no appreciable systematic differences in
growth rate are observed between these two orientations.

4. Reactor Wall Deposit
4.1 Effect of Growth Parameters

The deposit on the wall of the quartz bell jar during the epitaxial growth
cycle is found to be growth-rate insensitive and dependent only on the
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total thickness of growth under controlled operating conditions. The
deposit usually starts at the bottom of the bell jar at the position just
below the susceptor and moves up, as growth proceeds, toward the top
of the susceptor to a level determined by the thickness of the epitaxial
layer grown. It is noted that the deposit pattern does not change with
prolonged annealing of the substrate at the growth temperature just prior
to growth. Given a certain growth rate, the carrier-gas flow and growth
temperature do not seem to change the wall deposit appreciably, at least
over the range studied.
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IN HYDROGEN
Fig. 1—Growth rate versus dichlorosilane concentration at various flow rates of hydrogen
at 1050°C.

4.2 Influence of the Physical Set-Up for Gas Exhaust in the Reactor

An additional quartz heat shield placed above the existent heat shields,
which are situated just below the susceptor, greatly increases the amount
of deposit on the wall of the bell jar under otherwise identical operating
conditions. Furthermore, if even one of the existing heat shields is re-
placed with one giving rise to a higher back pressure, the wall deposit
increases too rapidly to allow the completion of thick epitaxial layer
growth.
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4.3 Minimization of Deposit on Reactor Wall

The amount of the deposit on the reactor wall is controlled to a very large
extent by the cooling arrangement of the quartz bell jar during the
growth. Insufficient cooling would inevitably lead to sparking between
the rf coil and the wall deposit, thus necessitating the termination of the
growth run. With the experimental arrangement described earlier and
using only needed heat shields below the susceptor, the wall deposit can
be reduced to the extent that no difficulty whatsoever was encountered
for growth with thicknesses in excess of 150 um. The rate of build-up of
the wall deposit was approximately linear with time for the particular
experimental arrangement. Furthermore, the wall deposit could be
stripped away easily by means of in-situ HCI etching. The deposit on
the reactor wall does not constitute a real handicap for the growth pro-
cess.

5. Thickness Uniformity

5.1 Effect of Growth Rate and Growth Temperature

At a given flow velocity of the carrirer gas, the thickness uniformity of
the epitaxial layers from tier to tier remains unchanged with growth rate
in the range of 2 to 5.5 um/min and growth temperature in the range of
1030 to 1100°C (uncorrected). The thickness variation is usually within
+5% of the mean among the wafers from the four tiers, with the ones
from the first tier the thickest, the second tier the thinnest, and that from
the third and fourth tier very close to the mean, provided the hydrogen
flow is equal to or greater than a certain critical velocity, say 131 liters/
min.

5.2 Influence of the Flow Rate of Carrier Gas

The influence of the flow rate of carrier gas on growth rate in the four
tiers is given in Table 1. At a hydrogen flow rate of 110 liters/min, the
growth rate decreases monotonically from the first to the fourth tier. For
a hydrogen flow 131 liters/min or higher, the growth rate assumes the
shape of a shallow dish from the first moving down to the fourth tier, i.e.,
higher at first and fourth tier and lower at second and third tier as
compared to the mean. Furthermore, the thicknesses of epitaxial layers
grown on wafers in the same tier have a much larger variation in the case
of the 110 liters/min as compared to the 131 liters/min hydrogen flow,
as shown in Table 2. Table 3 shows the thickness uniformity of the epi-
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Table 1—Effect of Carrier-Gas Flow Rate on Growti Rate

Growth Rate, um/min

Hydrogen Percentage

Flow Rate, of Center, Center, Center, Center,

liters/min Dichlorosilane 1t Tier 2nd Tier 3rd Tier 4th Tjer
110 0.62 1.82 1.76 1.64 1.56
131 0.67 2.13 2.06 2.19 2.26
162 0.60 2.12 1.90 1.90 1.95
200 0.64 2.49 2.14 2.20 2.40

Table 2—Effect of Carrier Gas Flow on Thickness Uniformity

Hydrogen

Flow

Rate, Percent

Thickness of Epitaxial Layer, Center of 3rd Tier in um

liters/ Dichloro- Wafer Wafer Wafer Wafer Wafer Wafer Wafer
min silane 1 2 3 4 5 6 7

110 0.62 74 76 80 82 82 81 78
131 0.67 99 99 99 100 100 100 100

taxial layer on individual wafers with regard to several locations on each
of these wafers from each of the four tiers and for various flow rates of
hydrogen (carrier gas). The variation in the thickness of the layers on
each wafer and from tier to tier provides a very good measure of the
thickness uniformity possible with the dichlorosilane process.

Table 3—Thichkness of Epitaxial Layer as a Function of Location on Wafer

Thickness of Epitaxial Layer, um

Growth Left
Conditions Tier Center Top Bottom Side Right Side
Hydrogen 1st 82 85 80 84 84
110 I/min 2nd 79 80 78 81 79
Dichlorosilane 3rd 74 76 72 73 74
0.62% 4th 70 72 68 69 68
Hydrogen 1st 96 104 93 99 97
131 I/min 2nd 93 96 93 97 96
Dichlorosilane 3rd 99 100 98 103 100
0.67% 4th 102 104 97 102 99
Hydrogen 1st 105 110 99 104 106
152 I/min 2nd 93 96 93 96 97
Dichlorosilane 3rd 97 98 97 100 100
0.60% 4th 100 102 99 97 102
Hydrogen 1st 116 123 109 118 119
200 1/min 2nd 102 106 100 103 104
Dichlorosilane 3rd 106 106 107 109 110
0.69% 4th 118 118 118 120 117
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6. Surface Quality

6.1 Substrate Cleaning

The surface quality of the epitaxial layers is primarily controlled by the
effectiveness of the substrate cleaning. An inappropriate cleaning pro-
cedure brings about unacceptable results, but proper cleaning alone does
not assure a desirable outcome if other procedures that follow are not
done correctly. The critical importance of the cleaning step is consid-
erably moderated, however, for the (100) oriented wafers as compared
to the usually used (111) oriented ones in this study.

Two substrate cleaning schedules have been found to be satisfac-
tory—one is the megasonic cleaning procedure and the other the stan-
dard scrubbing-acid cleaning schedule. The former involves ultrasonic
cleaning in the megahertz range and the latter consists of vigorous
scrubbing in a wafer scrubber followed by acid cleaning. Both procedures
are effective only when the wafers are loaded into the epitaxial reactor
immediately after they are cleaned.

6.2. In-situ HCI Etching Prior to Growth

In-situ HCl etching just prior to growth is also vital in obtaining a good
surface quality of thick epitaxial layers. HCI concentrations of from 0.6
to 2% in hydrogen and etching times of from 5 to 10 minutes have been
studied. The best combination (at an etch rate of approximately 1
pm/min) was found to be 1% HCI concentration and 10 minutes etching
time.

6.3 Conditions of the Susceptor

It has been observed that a susception with a 25 to 30 um silicon coating,
deposited just prior to loading of the substrate wafers, consistently yields
a better surface quality of the epitaxial layers than does a bare susceptor.
Furthermore, the condition of the “preheater” part of the susceptor is
of crucial importance to the surface quality. A physically integral pre-
heater must be used in order to assure a desired surface quality of the
finished wafers.

6.4 Wafer Orientation and Wafer Source

The (100) orienated wafer without a doubt has a better surface quality
than the (111) oriented wafer grown under identical conditions and
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cleaned via identical schedules. Identically oriented wafers from different
vendors, i.e., from our in-house facility, Monsanto, SILTEC, Semi-ele-
ments, Wacker, and Semiconductor Specialities (Fairlawn, N.J.) all give
comparable results when grown under similar conditions as far as surface
quality is concerned, even though edge chipping is more serious in some
than others.

6.5 Optimized Results

Under the optimal conditions described above, surface quality compa-
rable to that obtained via silicon tetrachloride in all four tiers have been
achieved.

7. Resistivity Control and Uniformity

7.1 Effect of Growth Rate

In the case of substrate wafers placed directly on the bare susceptor, the
resistivity of the undoped epitaxial layer on a low resistivity substrate
is dependent on growth rate via change in dichlorosilane concentration.
For undoped layers grown on n* (111) wafers with a resistivity of 0.015
ohm-cm, the resistivity is 100 ohm-cm at a growth rate of 2.4 um/min
and 40 ohm-cm at a growth rate of 4.6 um/min. This is consistent with
what has been observed for growth in a horizontal reactor.* The general
trend is that the higher the growth rate, the lower the resistivity of the
undoped epitaxial layer on a heavily doped substrate.

7.2 Back-Sealing of the Substrate Wafer

As reported earlier, a 25 to 30 um silicrr cvacing on the susceptor is very
desirable in improving the surface quality of thick epitaxial layers;
moreover, it serves the purpose of back-sealing the substrate wafers.
Most of the growth runs were made under this condition. The resistivity
of the undoped epitaxial layers thus grown on heavily doped n* sub-
strates shows a very weak (if any) dependence on the concentration of
dichlorosilane in hydrogen, as the resistivity is invariably higher than
100 ohm-cm. Similarly, the variation in resistivity of layers from the first
through the fourth tier is also minimized. Furthermore, use of a coated
susceptor permits the growth of high resistivity opposite-type layers on
heavily doped low resistivity substrate wafers with ease. For example,
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Table 4—Distribution of Resistivity of Varous Epitaxial Layers for a pn"np*
Structure

Substrate
p* n n- p

Resis- Resis- Thick- Resis- Thick- Resis- Thick-
tivity tivity ness tivity ness tivity ness
Tier ohm-ecm ohm-em um ohm-em  um ohm-cm um
1 0.01 0.4 28 34 71 0.65 42
2 0.01 0.5 25 54 67 0.62 41
3 0.01 0.46 26 65 69 0.64 40
4 0.01 0.46 26 65 75 0.68 41

0.5 ohm-cm n-type epitaxial layers can be routinely grown on 0.010
ohm-cm p* substrate wafers.

7.3 Dopant Control, Resistivity Uniformity as Applied to Growth of
Device Structures

The resistivity of the various layers for the pn—np* structure from first
to fourth tier in a typical run is given in Table 4. The value of the resis-
tivity is measured via spreading resistance probe and an actual tracing
for one of the samples is shown as Fig. 2. Similarly, Table 5 gives data
on the resistivity control of the epitaxial 7v/nn* structure. A spreading
resistance probe measurement for such a structure is shown in Fig. 3.
The uniformity of resistivity for the epitaxial layers can be seen from
the data presented in Table 6, where the resistivity value is measured
as a function of location on the wafer for the four tiers of a growth run
for a pn~np* structure.

Table 5—Distribution of Resistivity of Various Epitaxial Layers for a avnn*
Structure

Substrate

nt n n n P

Resis- Resis- Thick- Resis- Thick- Resis- Thick- Resis- Thick-
tivity  tivity ness tivity ness tivity ness  tivity ness
Tier ohm-cm ohm-em pm ohm-em pgm ohm-em pgm ohm-em um

1 0.015 2 9 9 31 30 30 31 37
2 0.015 2 10 9 29 39 29 34 32
3 0.015 2 9 12 30 52 29 33 34
4 0.015 2 9 13 28 50 28 38 34
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Table 6—Resistivity Uniformity of Epitaxial Layers for a pn np* Structure
as a Function of Location on the Wafer

+

P n n P
(Substrate) Resistivity Resistivity Resistivity
Tier ohm-cm ohm-cm ohm-cm ohm-cm
Center 0.01 0.5 44 0.6
Left 0.01 04 34 0.5
1 Right 0.01 0.3 28 0.5
Top 0.01 04 27 0.5
Bottom 0.01 04 29 0.5
Center 0.01 0.5 50 0.6
Left 0.01 0.3 25 0.5
2 Right 0.01 0.3 34 0.5
Top 0.01 0.4 32 0.5
Bottom 0.01 0.5 44 0.65
Center 0.01 0.5 65 0.5
Left 0.01 0.4 44 0.5
3 Right 0.01 0.5 80 0.6
Top 0.01 0.4 70 0.45
Bottom 0.01 0.4 80 0.6
Center 0.01 0.44 60 0.6
Left 0.01 0.42 30 0.7
4 Right 0.01 0.4 60 0.6
Top 0.01 0.4 >100 0.54
Bottom 0.01 0.4 40 0.7
107 T T
108 ﬂ
103 -
|04 -
103 .
P
0.650¢m
102
10 b
1 [l

50

L
100

150

THICKNESS (um)
Fig. 2—Resistivity of eéitaxial layers versus distance from substrate interface from spreading
resistance measurements of a high voltage pn—np* structure.
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8. Discussion

Based on the data presented in Fig. 1, the growth rate per unit input of
dichlorosilane at constant molar concentration, but different flow rates
of carrier gas, can be calculated. It remains essentially the same for flow
rates of 110 to 152 liters/min hydrogen, then declines appreciably per
unit input of dichlorosilane for 200 liters/min. This relatively constant

o7 T T

106 .

103

104

103

| 1 1
o] 50 100 150
THICKNESS (um)
Fig. 3—Resistivity of epitaxial layers versus distance from substrate interface from spreading
resistance measurements of a v vnn* structure.

chemical conversion efficiency coupled with the linear dependence of
growth rate on mole fraction of dichlorosilane in hydrogen establishes
the desired operating range of carrier gas flow. Furthermore, it accounts
for the experimental observation that the deposit on the reactor wall is
insensitive to growth rate and dependent only on the total thickness of
growth as reported earlier.

The observed thickness uniformity of the epitaxial layers from the
four tiers (as influenced by growth temperature, mole concentration of
dichlorosilane, and flow rate of carrier gas) is consistent with the model
proposed by Eversteyn!!:12 for growth rate versus position along the
susceptor at different gas velocities of a tilted susceptor in horizontal
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reactors. Surface quality of the thick epitaxial layers is maintained only
with total absence of dust particles as well as carbon or oxide contami-
nants on the wafer surface prior to growth. As a result, the substrate
wafers must be loaded immediately after cleaning, a nondefective pre-
heater and susceptor must be used, and in-situ HCl etching at elevated
temperature just prior to growth is required.

The dependence of the resistivity of undoped layers for nonbacksealed
n* substrate wafers on the rate of growth is probably caused by the power
dependence on the HCI concentration of the autodoping process and the
linear dependence of epitaxial silicon growth rate with molar concen-
tration of dichlorosilane in hydrogen. A power dependence of the order
of 38 for the vapor transport of antimony via HCI (the accompanying
pyrolysis product of dichlorosilane) is quite likely from the chemical-
reaction point of view. A silicon layer 25 um or thicker used to backseal
the n* substrate wafer served as a sufficient diffusion barrier to prevent
any significant autodoping effect.
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A 25-kV Bias-Isolation Unit for 1-MHz Capacitance
and Conductance Measurements*

Alvin M. Goodman
RCA Laboratories, Princeton, N.J. 08540

Abstract—The measurement of small signal (differential) capacitance (C) and conductance
(G)at 1 MHz as a function of applied-bias voltage can be carried out with a com-
mercially available capacitance/conductance (C/ G) meter at moderate applied-
bias voltage (5100 V). However, C and G measurements of metal-sapphire-silicon
capacitors for characterizing silicon-on-sapphire require the use of much larger
applied-bias voltage.

This paper describes a technique for using a commercially available C/G-
meter with a Bias-Isolation Unit (BIU) for C and G measurements at bias-voltage
magnitudes up to 25 kV without damage to the measurement equipment. The
basic principles of operation and the details of the electrical design of a BIU are
presented.

The use of the BIU imposes certain limitations on the range of sample capac-
itance and conductance that may be measured without introducing excessive
error. The theory of these limitations is presented and compared with experi-
mental results obtained from the use of the BIU. The measurement capability
demonstrated by these results is adequate for the intended silicon-on-sapphire
measurement application and may be described in terms of a measurement
range for a maximum added error due to the use of the BIU. For less than +1%
added error in the indicated (measured) capacitance, the measurable range of
sample capacitance is found to be from 0 to about 100 pF. In this application, it
is also important to be able to accurately measure small changes in the sample
capacitance; for less than +1% added error in the indicated (measured) value
of a small change in the sample capacitance, the measurable range of the sam-

* The research described in this paper was partially funded by Advanced Research Projects Agency
Order 2397 through the National Bureau of Standards’ Semiconductor Technology Program Contract
5-35912 and is not subject to copyright. A version of this paper, containing mechanical details not in-
cluded here, is available as NBS Special Publication 400-40.
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ple capacitance is found to be from 0 to about 38 pF. Conductance measure-
ments may be made with less than about 2% added error for samples whose
capacitance is in the range 0 to 50 pF.

1. Introduction

A technique for using a commercial 1-MHz capacitance meter (C-meter)
for measurements at bias-voltage magnitudes up to 10 kV without risk
of damage to the measurement equipment has been described in a recent
report.! The technique involves the use of a Bias-Isolation Unit (BIU)
that allows the bias voltage to be applied to the sample, but not to the
C-meter. In addition, the BIU isolates the bias-voltage supply from the
high-frequency test signal and permits the capacitance measurement
to be made without excessive error. A BIU of this type has been used to
carry out “modified” or extended-range MIS C(V) measurements? of
Al-sapphire-Si capacitors fabricated from silicon-on-sapphire (S0S).3
It was shown that such measurements can be used to characterize SOS
and the Si-sapphire interface? as well as to determine the effects of ox-
idation and hydrogen annealing* and exposure to soft X-rays® on the
Si-sapphire interface.

In all of this work the sapphire substrates for the SOS were lapped and
polished to final thickness in the range 125 to 190 um. Although the £10
kV bias capability was sufficient for characterization of Si on these
sapphire substrates, it was clear that a larger bias capability would be
required if thicker substrates were to be used. Since 2 inch-diameter
substrates used for production of integrated circuits on SOS are typically
250 and 325 um in thickness and since it was anticipated that larger di-
ameter substrates ranging up to ~400 ym in thickness would eventually
be used, it was decided that a new BIU with a larger bias-voltage capa-
bility should be developed. It is desirable to be able to use these thicker
sapphire wafers to characterize the Si-sapphire interface, since this would
allow the characterization of the same wafer on which the devices are
being fabricated or, alternatively, identical starting wafers as monitors
during device processing. Thus, a primary objective of the present work
was the extension of the previously developed capacitance measurement
capability to bias-voltage levels up to £25 kV for characterization of
SOS.

The extended-range capacitance measurements can be used to de-
termine the Si-sapphire interface-state density? using point-by-point
differentiation of an experimentally derived quantity. It has been shown
that G (V) measurements (ac conductance measurements as a function
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of voltage) are capable of providing information about the Si-SiO; in-
terface-state density,”-8 but this type of measurement had never been
carried out on SOS, nor was it clearly feasible. Certainly, no instrumental
capability for it existed. Accordingly, a secondary goal of the present
work was to provide an instrumental capability for implementing and
evaluating MIS G (V) measurements on SOS.

It is important to point out that while the accuracy requirements for
the MIS C(V) measurements are quite stringent, since the data (or a
quantity derived from the data) must be differentiated to obtain the
desired density of states information, the G(V) data is used directly.
Thus, although an error limit of about £1% on C(V) measurement is
sought, an error of +5 to 10% on G(V)) is reasonable for the measurement
purpose intended.

There is at the present time only one commercially available 1-MHz
C-meter that can also function as a conductance meter (G-meter)—the
PAR Model 410.* A modified version of the instrument was obtained
for the work described here. These modifications were:

(1) a 10X increase in the test signal level to produce a similar increase
in the signal-to-noise ratio of the analog output signal, AC(V)
and

(2) extra filtering to eliminate the effect of harmonics in the test signal.
This point is discussed in some detail in Ref. [1).

In Sec. 2, the BIU circuit is considered from the point of view of both
a functional description and the effect of the circuit on measurement
accuracy. Some experimental results obtained using the BIU are pre-
sented in Sec. 3. An example of a typical measurement application is
presented in Sec. 4. Finally, Sec. 5 contains some further discussion and
conclusions.

2. Circuit

2.1 Functional Description

A schematic circuit diagram of the C/G-meter BIU is shown in Fig. 1,
and the individual circuit elements are described in Table 1.

Fig. 2a is a front view of the BIU and the connections to it are shown
schematically in Fig. 2b. The HI side of the TEST and DIFF terminals
of the BIU are connected together and to the C-meter terminal marked
INPUT. The LO side of the TEST and DIFF terminals of the BIU are

* PAR (Princeton Applied Research Corp.) Model 410 CV Plotter. In the present work, only the C/G-meter
portion of the instrument is used.
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Table 1—Electrical Parts List for C/G-Meter Bias-Isolation Unit (See Fig. 1)

Schematic Reference

Description (Commercial designation* if
appropriate shown in parentheses)

R1,R2,R3,R4,R5

R6.R7
RS, R9
R10,R11
R12,R13
R14
R15,R16

R17, R18, R19, R20

R21
R22
R23
R24,R25

R26-R45
C1,C2,C3,C4

C5,C6,C7,C8
C9

C10

D1,D2,D3,D4
L1)L2

L3

L4,L5
J1,32,J3,34,J5
J6,J7,38,J9
J10,J11,J12
S1

S2

VRI1
VR2
Fuse
Power Supply

S3

5x 10¢ 82, 1%, 12.5 W (Victoreen MOX 5)

5x 10%82, 10%, 2W

Use two resistors in series or parallel to obtain
1000:1 attenuation with 10¢ £2 load between
J10 and J11

Series string of 50 1-2 @ 3 W, noninductive
resistors

8202,10%,2 W

10082,1%, 2 W

20 x 10° Q, 5%, 2 W, noninductive

5.1 x 10°£2, 5%, 2 W, noninductive

10¢§2,5%, 2 W

20 x 10° 2, 5%, 2 W, noninductive

500 £2, 5%, 2 W, noninductive

10 turn, vernier adjustable carbon potentiometer
10* §2, linear taper

51082,5%, 1/2 W

0.001 uF @ 50 kVDCW (Plastic Capacitors
OFN500-102, Extended Foil)

51 pF Silvered Mica @ 500 V

33-0-33 pF differential type variable capacitor
with speed-reducing planetary drive (E.F.
Johnson Type “L’ No. 167-0033-001) (Jack-
son Brothers Type 4511/DAF planetary ball
drive with 6:1 ratio)

2.2-10 pF variable capacitor with speed-reducing
planetary drive EE F. Johnson Type “L’’ No.
167-0001-001) (Jackson Brothers Type 4511/
DRF dual ratio (36:1 and 6:1) planetary ball
drive)

Type 1N482A diode

Special choke, 58 turns wound on C3 and C4

Special choke, 90 turns wound on C2

3-5.5 uH adjustable (North Hills type 120B)

High-voltage coaxial chassis connector (Amphen-
ol type 97-3102A-18-4208S)

Insulated BNC coaxial chassis connector (Am-
phenol type 31-010)

Insulated banana jack

SPST toggle switch

Ceramic insulated continuous shorting-type
switch (Centralab type PA-300 shaft and index
assembly with type PA-13 ceramic switch sec-
tion

Type IN3305B Zener diode

Type IN3305RB Zener diode

Type 3AG-1A

Regulated with + and -15 V outputs (Semicon-
ductor Circuits Type 2.15.100)

Ceramic insulated 21-position shorting-type
switch (Centralab Type PA4002)

*Designation of commercial components in this table and elsewhere in this
paper does not imply recommendation or endorsement of these components,
nor does it imply that they are necessarily the best available for the purpose.
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T0 X-AXIS OF

: ﬁ RECORDER

F——- ]TO BIAS

SOURCE

Fig. 2—(a) Front view of C/G-meter BIU and (b) schematic drawing of connection to C/G-

meter BIU.
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connected, respectively, to the C-meter terminals marked DRIVE and
NULL.

The capacitor to be measured is connected to the terminals marked
SAMPLE, and the bias-voltage power supply is connected to the ter-
minals marked BIAS INPUT. If a guard-ring-electrode system is to be
used on the sample, the guard ring is connected to the terminal marked
GUARD and the guarded electrode must be connected to the HIGH side;
the unguarded electrode is connected to the LOW side. If the sample does
not have a guard ring, the terminal marked GUARD should be termi-
nated (“blanked off™) with an insulated, unwired mating connector to
prevent surface breakdown or “arcing” during high-voltage operation
of the BIU.

The terminals marked 1000:1 AT'TN BIAS should be connected to
the X-Axis of an X-Y recorder with an input resistance of 106 ohms for
a directly calibrated measure of the bias applied to the sample.

The BIU performs three major functions: (a) bias protection; (b) ca-
pacitance-zero adjustment; and (c) conductance-zero adjustment. The
portions of the circuit which perform these functions are indicated in
Fig. 1, and described below.

(a) Bias-Protection Circuit*

The high and low terminals of the output of the C-meter are individually
clamped by diodes (D1 and D2 on the high side, D3 and D4 on the low
side) to remain within some allowable range with respect to ground. Each
of the diodes D1 through D4 has low-forward resistance, high-reverse
resistance, and fast turn-on. To reduce their loading effect on the C-
meter, they are normally maintained at a reverse bias of 6.8 V. The bias
voltages (+6.8 and —6.8 V) are provided with a very low source imped-
ance by the Zener diodes, VR1 and VR2.

The high-voltage blocking capacitors C3 and C4 are at (or nearly at)
series resonance at 1 MHz with L1 + L4 and L2 + L5, respectively. Ad-
justment of L4 and L5 can be used to compensate for series inductance
of the connecting leads both inside and outside the BIU.

High-frequency noise from the bias supply is attenuated by the low-
pass filter formed by R6, R7, and C1. The resistors R3 and R4 and the
capacitor C1 form a filter isolating the bias supply from the 1-MHz
measurement signal.

A bias voltage equal to that at the high side of the sample is available
at J5 for application to a guard-ring electrode. The 1-MHz series reso-

* A more detailed description of the bias-protection function is given in ref [ 1].
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nant circuit formed by L3 and C2 assures that the guard ring is effectively
grounded at the measurement signal frequency.

This portion of the circuit also contains a voltage divider, formed by
R1 and R8 on the HIGH side and R2 and R9 on the LOW side, that
serves to attenuate the bias input so that it may be fed directly to the
X-axis of an X-Y recorder. The voltage divider is arranged so that if the
input resistance of the recorder is 106 ohms, the bias attenuation factor
will be 1000:1. If a recorder with a different input resistance were used,
an appropriate correction factor could be calculated from the values of
R1, R2, R8, R9, and the input resistance.

(b) C/G-Meter Operation

The operation of the C/G-meter in combination with the BIU is most
easily understood by referring to the simplified equivalent circuit shown
in Fig. 3.

nuLL

¢ & IZEW0 £ Joa) SANPLE (INCLUDING BAS
wd N §a PROTECTION CIRCUIT)
AC o
AMPLIFIER — AWPUFER  0c ¢ oR e
PHASE TPUT TO NETER
INPUT | SENSITIVE % SR
2 4>>6,>> wl)) LA X-Y RECORDER
L 3

Fig. 3—Simplified equivalent circuit of C/G meter and BIU.

Consider first the operation when C-Zero and G-Zero are ““zero,” i.e.,
they are effectively removed from the circuit. A 1-MHz oscillator pro-
vides a modulation or drive signal to the sample under test as well as a
reference signal to the phase sensitive detector (PSD). The sample as
shown in Fig. 3 includes the bias protection circuit, the effect of which
will be considered in Sec. 2.2. The current that flows through the sample
in response to the drive voltage is converted to a voltage by the con-
ductance, g, which is very large in comparison with both the sample
susceptance and conductance. The voltage developed across g is am-
plified by A; and synchronously demodulated with respect to the ref-
erence signal by the PSD, thereby producing a quasi-dc level (propor-
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tional to C or G) that is further amplified by A, to produce the signal
labeled OUTPUT. If the mode switch is in position G, the PSD will
“recognize” only that component of the input signal that is in phase with
the reference signal. For a fixed magnitude of drive voltage, the output
will be proportional to the conductance G4 of the sample. Similarly, if
the mode switch is in position C, the PSD will recognize only that com-
ponent of the input signal which is in quadrature with the reference
signal. In this case, for a fixed magnitude of drive voltage, the output will
be proportional to the sample capacitance C4. The output is used to feed
both a panel meter and an X-Y recorder, each of which is calibrated to
read directly in the appropriate units of C or G.

The discussion thus far has assumed that C-ZERO and G-ZERO are
removed from the circuit. We now consider the effect of including those
circuit elements in Fig. 3. The voltage at the terminal marked NULL is
equal in magnitude to that at the DRIVE terminal but is 180 deg out of
phase with it. The currents through C-ZERO and G-ZERO can be used
to null or cancel those through C and G of the sample, thereby allowing
zero correction or zero adjustment of both C and G. This is useful not
only for the usual nulling of stray capacitance due to the sample holder
and connecting leads, but also for operation in a suppressed-zero mode,
as is required for modified or extended-range MIS C(V) measure-
ments?-6 and for the MIS G(V) measurements discussed in Sec. 1. The
actual capacitance-zero and conductance-zero circuits shown in Fig. 1
are somewhat more complicated than their simplified equivalents in Fig.
3; they are discussed in more detail below.

(c) Capacitance-Zero Circuit

Both large range and excellent precision of the CAPACITANCE-ZERO
function are obtained by using three stages of adjustment, appropriately
labeled COARSE, MEDIUM, and FINE. The COARSE and FINE
stages (C5-8 and C10 in Fig. 1) provide a variable capacitance between
the NULL and INPUT terminals. The medium stage of CAPACI-
TANCE-ZERO adjustment (C9) is a capacitive divider between the
DRIVE and NULL voltages (see Fig. 2b), capable of canceling out the
minimum value of C10 plus the stray capacitance of the wiring, thereby
allowing the total capacitance-zero correction or adjustment range to
include “zero,” i.e., no correction.

The total range of capacitance-zero correction is approximately 250
pF. To facilitate more precise adjustment, the shafts of C9 and C10 are
controlled through speed-reducing planetary drives.
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(d) Conductance-Zero Circuit

Three stages of adjustment appropriately labeled COARSE, MEDIUM,
and FINE are used to obtain both large range and excellent precision.
All three stages are resistive dividers between the DRIVE and NULL
voltages. -

The total range of the CONDUCTANCE-ZERO adjustment is greater
than 300 umho (usiemens). The shafts of R24 and R25 are controlled
through speed-reducing planetary drives; this allows a more precise
adjustment of the conductance zero.

2.2 Measurement Accuracy

The use of the BIU places certain constraints upon the range of sample
capacitance and conductance values that can be measured and the ac-
curacy with which these measurements can be made. In what follows we
shall first consider a simple equivalent circuit for the combination of the
sample and the BIU and, second, derive expressions describing the de-
viation of the apparent or “measured” capacitance and conductance
values from the actual values as a function of the equivalent circuit pa-
rameters.

(a) Equivalent Circuit

The C/G-meter measures the capacitive and conductive components
of a sample admittance Y connected between its terminals, and displays
these values on a suitably calibrated linear scale reading directly in units
of capacitance (usually pF) or conductance (usually umho).

Let us define this value of admittance as:

Y=G+iB=G+iwC, (1]

where B is the susceptance of C.

When the C/G-meter is used with the BIU to measure the same
sample, the equivalent circuit is one in which the sample appears to be
in series with a resistance R and (possibly) a reactance X. This is illus-
trated in Fig. 4. The resistance is due principally to the sum of R10 + R11
in Fig. 1. There may also be a small contribution due to the resistance
in the windings of L1, L2, L4, and L5, and in the blocking capacitors C3
and C4. The reactance X is equal to the difference between the inductive
reactance of the sum of the circuit inductances (L1 + L2 + L4 + L5 +
lead inductance) and the capacitive reactance of the series combination
of C3 and C4. It was shown in Ref. [1] that there is no advantage to X
being capacitive (negative); in practice, we would like it to be either zero
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or slightly inductive. We shall, therefore, treat it as if it were due to an
“excess” inductance, L.

The admittance Y4 “seen” by the C/G-meter; i.e., the apparent ad-
mittance of the sample, may be written in the form

Ya=Ga+iBy =G4+ iwCy, [2a]
where

Ga=

G(1 + RG) + w?R(C?
1 + w2R2C2% - 2w2LC + wiL2C2 + 2RG + (R2 + w2L2)G?2
[2b]

and

co-ae

w

C(1 — w2LC) — LG?
1+ 2RG + R2G? + w2L2G? — 202LC + (w?R2 + w?L2)C2
[2¢]

Note that Egs. [2a], [2b], and [2¢] consider the effect of sample con-
ductance, G, which in a previous analysis! was assumed to be zero.

N ¢ SAMPLE

_Theut

o

Fig. 4—Simplified equivalent circuit of sample and BIU.

(b) Capacitance Sensitivity Factors

We may define a relative sensitivity factor for capacitance measurements
S(C):

S(C)=B,/B [3a]
(1 - w2LC) — LG2/C
(1 — w2LC + RG)?2 + (wLG + wRC)?’

S(C) = [3b]
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This gives the ratio of the apparent value of the capacitance C4 that
would be measured by the C-meter when used with the BIU to the actual
value C that would be indicated by the C-meter alone. In “extended-
range”’ or “modified” MIS C(V) measurements,? it is necessary to de-
termine small changes in the capacitance of a sample under test. It is,
therefore, of interest to derive an expression for the relative incremental
sensitivity factor which we shall call S”(C):

dBA(C) /dB
dC dC
(1 — w2LC + RG)? — (wLG + wRC)?
[(1 = w2LC + RG)? + (wLG + wRC)?J2’

S/(C)= [4a]

$(C) = [4b]

This gives the ratio of the apparent value of a small change in C that
would be indicated by the C-meter when used with the BIU to the actual
value of the small change in C that would be indicated by the C-meter
alone. Ideally, of course, both S(C) and S’(C) should be equal tc 1.00 for
all values of C, but this could be true only for L and R equal to zero; i.e.,
without the protection circuit to which R is essential. The extent to which
each of the sensitivity factors differs from 1.00 may be thought of as an
added error due to the use of the BIU.

It is helpful to consider two separate regimes, L = 0 and L # 0.

(W)L=0
In this regime Egs. |3b] and [4b] reduce to
1
SO =TT RG®2 + (RO 15]
1 2 = 2R2(2
SHC) = (1 + RG)?2 - w2R2C l6]

[(1 + RG)? + (wRC)?2)2"

Clearly, to avoid significant variation of S(C) and S’(C) from 1.00, it is
necessary that RG « 1 and wRC « 1. In previous work involving ca-
pacitors fabricated from SOS, the electrode diameter was 0.800 cm,
giving an area of 0.5027 cm2. The anticipated range of sapphire thickness
to be used in future measurement was, as discussed in Sec. 1, from 125
to ~400 um. The maximum capacitance to be expected was, therefore,
about 38 pF, using ¢ = 10.6 ¢, for the dielectric constant of sapphire.
Further, for an MIS sample, it is expected that the maximum value of
G will always be less than wC/2.7 It follows then that for the values C
= 38 pF and R = 100 ohms (see Fig. 1 and Table 1), the upper bounds
on the maximum expected values of RG and wRC would be (wRC)pax
=~ 0.024 and (RG)pax = 0.012.
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This could result in a significant error in S(C) and S’(C) if the value
of G were to approach wC/2. Plots of S(C) and S’(C) are shown in Fig.
5 for several values of the parameter G/wC. Note that for G/wC < 0.1,
the error in S(C) and S’(C) will be very small.

2L =0
It is convenient to write egs [3b] and [4b) in the form
1-aC - ad2C
S(C) = 7
© (1 -aC+ v)2+ (adC + xC)2 [7]
1 —aC+ 7)2— (adC + xC)?
S'(C) = L0 7)2 X TV (8]
[(1 - aC+ v)2+ (adC + xC)?
1i
s O o
~~~~~~~~~~~ &‘.E“‘“*ﬁ
e
= € -
= —==02 .-
\\ H'c -
96— \\\\\
£:.03 AN
- I,
92—
S0
| 1 | 1 1 1 | 1 L
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Fig. 5—Relative sensitivity factor S{C) and relative incremental sensitivity factor S{C) versus
C, with R = 100 ohms and G/wC as a parameter.

where the definitions and approximate maximum values of aC, xC, v,
and 4 in the range 0 < C < 100 pF are:

aC = w2LC Z0.02, [9a]
xC = wRC Z 0.06, [9b)]
¥ = RG 2 0.015, and [9¢]
8 =GlwC < 1/2. [9d]

524 RCA Review e Vol. 38 « December 1977




Egs. [7] and [8] may be simplified by carrying out the indicated op-
erations and retaining only linear terms in «C and y and quadratic terms
involving xC:

S(C) =1+ aC(1 = 62) = 2y —~ x2C2 [10]
S(C) =1+ 2aC — 2y — 3x2C2 [11]

For nonzero a, both S(C) and §’(C) are increasing functions of C at
low values of C, go through maxima, and become decreasing functions
at higher values of C. If G were small enough to be ignored, the terms
involving é and v could be dropped and Eqs. [10] and [11] would reduce
to Egs. [7a] and [7b] of Ref. [1] where the symbol 8 is used instead of x2.
It was shown there that an appropriate amount of excess inductance L
can be used to increase the measurable range of C without exceeding a
set of preassigned error limits on either S(C) or S’(C). The same tech-
nique would be applicable here if G were small enough so that é and vy
could either be ignored or limited by smaller maximum values.

(c) Conductance Measurements

Examination of Eq. [2b] reveals that even when G = 0, there is an ap-
parent conductance G 4 due to the series resistance R and the capacitance
C. The “contribution” of C to G4 is

_ w2RC?
(1 — w2LC + RG)2 + (wLG + wRC)2’

Gac [12]

We may define the “measured conductance” Gy as

GM=Ga—Gac
G(1 + RG)
(1 - w2LC + RG)2 + (wLG + wRC)2’

GM=

We may use Eqs. [9a] through [9d] to obtain the approximate form
Gm =G — v+ 2aC - 2x2C?) [13]
and Gac = w2RC2(1 — 2v + 2aC — 2x2C2),

where the expression in parentheses differs from 1.00 by not more than
about 4% in the range 0 < C < 100 pF. Thus, to a reasonable approxi-
mation for the present application

G =Ga-Gac (14]
and G4c = w?RC2 [15]
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3. Experimental Results

The BIU described in Sec. 2 was tested to ensure that it would properly
perform the desired bias-protection (transient-suppression) function
and that the accuracy of measurements made with it would not be ex-
cessively degraded. These tests and their results will now be de-
scribed.

3.1 Transient Suppression

The experimental arrangement for testing the transient-suppression
capability of the BIU is essentially the same as that shown in figure 6 of
Ref. [1]. A test capacitor periodically short-circuiting under high bias
(25 kV) is simulated by a motor-driven spark gap. The resulting transient
voltage at the C/G-meter BIU output terminals is picked up with a probe
and displayed on a fast oscilloscope. The voltage from each terminal to
ground was checked individually for each polarity of applied bias and
was found to have a peak value less than £110 V without the C/G-meter
connected. When the C/G-meter was connected (as shown in Fig. 2b)
the peak value of the transient voltage observed at each terminal de-
creased by more than an order of magnitude. Thus, the C/G-meter is
probably overprotected in the sense that R10 and R11 in Fig. 1 are
somewhat larger than necessary to achieve the required transient sup-
pression.

In Sec. 2.2 the effect of the BIU on the accuracy of C-meter measurement
was considered from a theoretical point of view. The actual effect was
determined experimentally by measuring S(Cs) and S’(Cs), where Cs
is a standard capacitance for which a precision decade capacitor was
used. This 3-terminal capacitance standard has an accuracy of 0.25% for
each of its component capacitors. The output of the C-meter was read
on the 10-in scale of an X-Y recorder having an accuracy of 0.2% of full
scale. Prior to the measurements of S(Cs) and S’(Cgs), the C-meter was
calibrated on the appropriate scales by connecting the standard capacitor
directly to the C-meter (i.e., with the BIU out of the circuit), and fol-
lowing the manufacturer’s calibration instructions.

After the completion of the C-meter calibration procedure, the stan-
dard capacitor was connected to the C-meter through the BIU and
through the high-voltage leads connecting the sample holder and test
chamber? to the BIU. With Cs = 50 pF, L4 and L5 were adjusted to make
C 4 exactly 50 pF. This is equivalent to setting L slightly larger than zero
(L = 0.5 uH).
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3.2 Effect of the BIU on the Accuracy of Capacitance Measurements

The value of C4 was then determined as a function of Cs, and S(Cgs)
was computed for each data point. The results are shown in Fig. 6. Also
shown in this figure for comparison are plots of Eq. [5] for G = 0 when
there is no stray capacitance present and when the stray capacitance Cg
is 50 pF. This will be discussed further in Sec. 5.

' 100
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}
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2

180 o
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0 20 @ & _# W0
€ (F)

Fig. 6—Plots of C, versus Cgs and S(Cs) versus Cs.

It was not possible to obtain S’(Cg) directly. Therefore, the following
approximation was used: S’(Cs) = (measured increase in the value of
C 4 due to an increase of Cs)/8Cs. For the measurements discussed here,
8Cs = 1 pF. The actual measurement procedure was as follows: (1) a
value of Cg was set on the standard capacitor; (2) the capacitance and
conductance readings were reduced to zero using the CAPACITANCE
ZERO and CONDUCTANCE ZERO controls; (3) the sensitivity of the
recorder was increased by a factor such that an additional 1 pF should
cause full-scale deflection on the recorder; (4) capacitance and conduc-
tance readings were again adjusted to zero; (5) the standard capacitor
was increased by 1 pF; and (6) the value of S’(Cs) was read directly from
the recorder with full-scale deflection corresponding to S’ = 1.00. If the
deflection exceeded full scale by more than 1% (the available recorder
over-range) the sensitivity was reduced by a factor of 1/2, in which case,
half-scale deflection corresponded to S’ = 1.00.

A plot of the experimentally determined S’(Cg) is shown in Fig. 7. For
comparison, the figure also shows the theoretical expression, Eq. [6], for
S(Cs) based on the simplified equivalent circuit with L = 0and G = 0.
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The solid line is for the case when the stray capacitance Cy is zero; the
dashed line is for the case when Cg = 50 pF. Clearly neither of these plots
is a good fit to the experimentally determined values of S’. This will be
discussed further in Sec. 5.
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Fig. 7—Relative incremental sensitivity S(Cs) versus Cs.

3.3 Effect of the BIU on the Accuracy of Conductance Measurements

According to Eq. [15], the apparent conductance due solely to the series
resistance R and the capacitance is

Gac = w?RC2

However, C is the sum of the standard capacitance Cs and the stray
capacitance Co. Among the contributions to Cq are stray capacitances
among leads and components in the BIU, capacitance between the
sample base in the test chamber and the probe which contacts the
sample, capacitance between the high- and low-side leads in the test
chamber, and the “zero capacitance” (3 pF) of the standard capacitor
when it is connected.

Thus, when the standard capacitor is connected but Cg = 0, there is
already a contribution to the conductance

Gaco = w2RC?, (16]
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which would normally be suppressed by adjusting the CONDUCTANCE
ZERO controls to produce a zero conductance reading (G4 = 0). Adding

increments of Cgs should then produce a variation of G 4 according to Eq.
[17]

Gac(Cs) = w2R(Co + Cg)2 — w2RCy2 [17]

A good fit of Eq. [17] to the experimentally determined variation of G 4¢
(Cs) was obtained for the value Cg = 50 pF. This is shown in Fig. 8. The

o EXPERIMENTAL POINTS
— WGy 40y - WREy o

3 {R=10002, Gy 50pF)

20 -

Cpc {pmbe)

A 1 1 1 1

0 10 30
¢y OF)

Fig. 8—Apparent conductance Guc versus Cg.

two data points at Cs = 50 pF correspond to two different ways of ex-
perimentally selecting Cs = 50 pF using the precision decade capacitor,
viz, 50 pF (lower point) and 30 + 20 pF (upper point).

Selected precision (1% accuracy) film resistors were used as conduc-
tance “standards” to check the accuracy of the approximation inherent
in Eq. [14]. This was done by using the following procedure: (1) with the
standard capacitor connected and Cs = 0, C4 and G 4 were set to zero;
(2) a value of Cs was set on the standard capacitor; (3) G 4 was set to zero;
(4) a conductance “standard” Gs was connected across Cs and the re-
sultant conductance G4 — G 4c was determined. The results were vir-
tually independent of Cs. The largest variation was between the results
obtained for Cs = 0 and Cs = 50 pF; these results are shown in Fig. 9.
The results for Cs = 10, 20, 30, and 40 pF were intermediate between
those for Cs = 0 and 50 pF. Thus, the validity of Eq. [14] is confirmed
with less than 2% added error in the range 0 < Cg < 50 pF.
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Fig. 9—Conductance G4 — Gac versus standard conductance Gs for Cs = 0 and 50 pF.
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Fig. 10—Variation of capacitance and conductance with bias for an MIS sample fabricated
from n-Si on sapphire.
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4. Application

An example of a typical application of the C/G-meter BIU is shown in
Fig. 10. Here, the results are plotted of MIS C(V) and G(V) measure-
ments versus bias voltage for a capacitor fabricated from n-Si on a sap-
phire wafer of thickness ~305 um. These data are typical of the results
obtained thus far with the equipment. The bias range used for this
sample, —15 kV to +15 kV, is clearly sufficient to cover the desired
measurement range. The £25 kV capability of the BIU should be more
than adequate to cover the bias range required for samples fabricated
from Si on sapphire of the maximum thickness currently anticipated
(~400 pm).

5. Discussion and Conclusions

Although the performance of the BIU is adequate for implementing the
desired measurements, there are certain departures from ideality and
it is appropriate to discuss them here.

Eqs. [5] and [6] did not exhibit a good fit to the experimentally de-
termined S(Cs) and S’(Cg), respectively, as shown in Figs. 6 and 7. Even
when the stray capacitance of ~50 pF, as determined in Sec. 3.3 (Fig. 8)
was accounted for, the theoretical plots and the experimental data were
not in good agreement. Use of Egs. [3b] and [4b] instead of Egs. [5] and
[6] to take the excess inductance into account would improve the
agreement only slightly, at best. However, the simplified equivalent
circuit (Fig. 4) used for the theoretical analysis assumes only lumped
constant elements. The distributed capacitances and inductances of the
actual circuit may contribute significantly to the observed disagreement.
Despite this lack of agreement, there is a sufficient range of measurement
capability that may be described in terms of an added error due to the
use of the BIU. For less than +1% added error in the measured capaci-
tance C4, the measurable range of the sample capacitance is found to
be from 0 to at least 100 pF. For less than +1% added error in the mea-
sured value of a small change in the sample capacitance, the measurable
range of the sample capacitance is found to be from 0 to about 38 pF.

In conclusion: (1) a technique has been described that allows the safe
operation of a commercially available C/G-meter for characterization
of silicon-on-sapphire by capacitance and conductance measurements
at applied-bias voltage levels up to +£25 kV; (2) the technique requires
a bias-isolation unit, whose circuit and theory have been presented to-
gether with some practical results.
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Aluminum-SO0S Schottky Diodes

S.T. Hsu
RCA Laboratories, Princeton, N.J. 08540

Abstract—Aluminum-SOS Schottky diodes having excellent characteristics are described.
The series resistance is relatively large, however. The barrier height of the AI-SOS
contact is experimentally found to be 0.77 + 0.02 eV. No degredation in diode
characteristics was found when the Al-SOS Schottky diodes were bias-temper-
ature tested at 100°C with V. = 0.15 V or Vg = 10 V for more than 500
hours.

1. Introduction

During the past ten years Al-nSi Schottky diodes have been studied very
extensively. This majority-current-carrier diode has been used in inte-
grated circuits and microwave signal processing. High performance
Al-SOS Schottky diodes have potential applications to digital and mi-
crowave integrated circuits as well as solar energy conversions. We have
fabricated and tested Al-SOS Schottky diodes, and the results obtained
are presented here.

The thickness of the SOS films used to fabricate A1-SOS Schottky
diodes is 0.6 um. The concentration of phosphorus in these silicon films
is between low 1015 to low 1016 cm~3, When the doping concentration
of the silicon film is too high, the diode has large excess current; when
the doping concentration of the film is too low, the diffusion potential
of the junction is too small. Thus, a good diode characteristic is difficult
to obtain. In addition, the series resistance is large when the doping
concentration of the silicon film is small.

The fabrication process is as follows. The silicon islands are defined
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and are thermally oxidized. An opening and n+ diffusion are made to
provide a good ohmic contact to the n-type silicon film. Oxide at the
active diode area is then removed followed by Al metallization. The Al
is defined and alloyed at temperatures between 400 to 500°C for 15 to
30 minutes. The process involves only four photomask steps.

2. Current-Voltage Characteristics of AlI-SOS Schottky Diodes

The current-voltage characteristics of an ideal Schottky diode is de-
scribed by Richardson’s equation,!
q¢B q Va
I = SAT? (———) ( )—1’ 1

=1 kT ) 15P (kT (1l
where S is the area of the diode, A is the Richardson constant, ¢g is the
barrier height and V, is the voltage applied to the metal electrode with
respect to the n+ source contact of the diode. The other notations are
standard ones. When V, is positive the diode is forward biased. When
V. is negative the diode is reverse biased. Because of the barrier height
lowering effect by the space changes, the actual forward current of a

metal-semiconductor diode at intermediate forward bias voltage is given
by

Ir=SAT?exp [—qu],

nkT (2]

with n slightly larger than 1.

The current-voltage characteristics of a typical AI-SOS Schottky
diode is shown in Fig. 1(a). The diode is made on an SOS film 0.6 um
thick doped with 106 cm™3 of phosphorus. An excellent rectifier char-
acteristic is shown. The reverse leakage current cannot be seen at the
10 uA/div current scale. The I-V curves are retraced at an expanded scale
and are shown in Fig. 1(b). Curve(a) in Fig. 1(b) is the forward current
of the diode as a function of forward bias voltage. The scales are shown
at the right-hand side of the picture. Curve(b) in Fig. 1(b) is the reverse
I-V characteristic of the diode. The current and the voltage scales are
10 nA and 2V per division, respectively. The reverse bias current of the
diode at 20 V reverse bias voltage is approximately equal to 30 nA.

The diode current is plotted in a semi-logarithmic paper in Fig. 2. It
is obvious that when Vi < 0.2V the forward current of the diode is ap-
proximately given by Eq. [1]. At larger forward bias voltages the series
resistance effect becomes important. The series resistance in this par-
ticular case is approximately equal to 2,000 ohms. The mask set used in
this experiment is a standard MOS field-effect transistor mask set. The
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Al contact is made at the drain contact opening where the n+ diffusion
is made at the source electrode. If the active diode area is closely sur-

rounded by an n+ diffusion region, the series resistance can be greatly
reduced.

(a)

(8)

Fig. 1—The current-voltage characteristics of a typical AI-SOS Schottky diode.

3. Barrier Height

The barrier height of a metal-semiconductor Schottky diode can be
obtained from the forward current measurement. This is clearly shown
by Eq. [1]. If we extrapolate the linear region of log I versus V plot to
Vi = 0, the resulting current [, is given by

lo = SAT? exp(—qog/kT). (3]

Since only ¢g is unknown, the barrier height can be easily calculated.
The barrier height of an AI-SOS Schottky diode obtained by this method
is equal to 0.78 eV. The barrier height can also be obtained by the mea-
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surement of the forward bias current as a function of temperature at a
fixed bias voltage, as given by Eq. [2]. We rewrite Eq. [2] as:

Ip q
£ -—L (45 - Vp). 3
lo — logSA T (¢ — V) [3a]

The activation energy, ¢g — Vr, can be obtained from the slope of
logl /T2 versus 1/T curve. Fig. 3 presents the experimental result of this

16%° 1 1 ] 1
(o} 0. 02 03 04
Ve (v)

o 5 _ 1o IS 20 25
VelV)

Fig. 2—Loglr versus Vg plot of a typical Al-SOS Schottky diode.

experiment taken from the diode with ¢g = 0.78 eV as was measured
from the I versus Vg curve. The forward bias voltage is 0.1 V. The
points are measured and the line is drawn to have an activation energy
of 0.68 eV, which yields a barrier height of 0.78 eV. It is evident that the
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barrier height from these two measurements agree within the mea-
surement error. The barrier height of three batches of AI-SOS Schottky
diodes made on silicon films with different doping concentrations has
been measured. The barrier height of AI-SOS Schottky diodes is con-
sistently in the range of 0.77 + 0.02 eV. This barrier height is about 10%
larger than that of Al-nSi bulk Schottky diodes as was measured by Yu
et al.2 This can be attributed to the diffusion of Al into silicon film during

7t
(A°K"2)

lo—lb _

1000 . -
7( K)

Fig. 3—Log/s versus 1/T plot of an AI-SOS Schottky diode.

the annealing process. Since Al is a p-type dopant, if a very thin layer
of Al is diffused into the silicon films, the contact is actually an Al-p+-n
structure. A very thin layer of p+ region increases the actual barrier
height of the metal-semiconductor contact.3* The silicon film grown
on sapphire substrate has a large lattice strain. This lattice strain en-
hances the diffusion coefficient of impurities in the film.
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4. Bias/Temperature (BT) Tests

We have BT tested AI-SOS Schottky diodes to investigate their stability.
The I-V characteristics were measured as the diodes were made and after
each successive BT test. The BT test was conducted at 100°C with Vg
= 0.15V or Vi = 10V. The results are presented in Figs. 4, 5, and 6. The
curves shown in Fig. 4 were taken from a diode as made and after 115,
230, and 660 hours of operation at 100°C with Vg = —10V. The line

g
[
]
07 |
IDEAL SLOPE
19°F
]
. V z-lOV
(8 T =100°C
10° e INITIAL .
» o 115 HRS
X 230 HRS
s ¢ 660 HRS
8
Iduo_ 8 i
4
IO." ) N
0 ol 02 03
V, (V)

Fig. 4—The forward current-volitage characteristics of an Al-SOS Schottky diode before
and after BT tests with Vg = —10V.

shows the slope of the I-V characteristics of an ideal Schottky diode with
n = 1, although the current level is seen to be slightly reduced after BT
testing. The decrease in diode current is not significant, since the deg-
radation of the diode characteristic is negligible. Fig. 5 presents the
forward diode characteristic for initial operation of a diode with a large
amount of excess forward current. The diode is biased with V¢ = 0.15V

538 RCA Review ¢ Vol. 38 ¢ December 1977




AL-505 SCHOTTKY

and operated at a temperature of 100°C. It is clearly shown in Fig. 5 that
after the diode has operated for 230 hours at 100°C the excess current
is not important. The n factor of the diode forward current is approxi-
mately equal to one. A further increase in high-temperature operating
time does not change the diode current. Presumable, the diode did not
receive adequate annealing during the fabrication processing. The BT
test provides an additional heat treatment. After the Al-Silicon contact
is properly annealed, the diode current cannot be affected by the high-

/
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Fig. 5S—Forward /-V characteristics of a Schottky diode showing the excess current reduced
by BT tests.

temperature operation. This is further demonstrated in Fig. 6. The diode
whose I-V characteristics are shown in this figure exhibits very small
forward excess current. The forward current of the diode after operation
at 100°C with V¢ = 0.15V for 542 hours is the same as that of the diode
before it was BT tested. The reverse leakage current of the diode after
BT testing is smaller than that before BT testing. In general, it is found
that a BT test at 100°C with both forward and reverse biases for 500
hours may change the reverse leakage current of a diode operated at Vi
= 20V by £40%. At this time we have no satisfactory explanation of why
the leakage current changes in both polarities after BT testing. However,

1
(o] 0. 02 03 04
\
\
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since the forward current is not effected by BT tests, it is clear that the
change in reverse current is due to the effect of Si-SiO3 or silicon-sap-
phire interfaces.

Conclusions

We have demonstrated that Schottky diodes can be easily made by de-
positing Al onto n-type silicon-on-sapphire films. Al-SOS Schottky
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Fig. 6—/-V characteristics of a Schottky diode before and after BT tests with Ve = 0.15

V.

diodes follow the forward current of Richardson’s equation very well.
However, because the thickness of the Si film is only 0.6 pm, the series
resistance is large. The series resistance effect can be minimized by
proper layout design and by increasing the thickness of the film. The
reverse characteristics of the AI-SOS Schottky diodes can be better than
that of Al-nSi diodes. This is particularly so when the silicon is very thin.
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Since the space-charge at the Al-silicon contact region is small, the
barrier lowering by the Schottky effect of the space-charge is small. A
larger breakdown voltage can be achieved by simply extending the Al
of the Schottky contact to the n+ source region over a thick oxide. At
large reverse biases the silicon film between the active diode region and
the n+ diffusion region is completely depleted. This depletion region
can dissipate a large voltage. Therefore, a large reverse bias voltage can
be applied to the diode before the Schottky barrier breakdown. Since
the fabrication procedures are very simple, the Al-SOS Schottky diodes
can be used to fabricate large scales read only memories.
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Design Curves for Double-Heterojunction Laser
Diodes*

J. K. Butlert and H. Kressel

RCA Laboratories, Princeton, N.J. 08540

Abstract—This paper reviews theoretical double-heterojunction laser design curves relating
the structure with the transverse mode order able to propagate, the degree of
radiation confinement to the active region, the maximum field intensity within the
device, and the radiated beam shape. The curves presented are general and ap-
plicable to any double-heterojunction structure where the spacing of the hetero-
junctions and the refractive index in the relevant regions are known.

1. Introduction

This paper reviews design curves relating the heterojunction spacing
and index of refraction step with the transverse mode number and ra-
diation pattern of double-heterojunction laser diodes. These curves are
based on the treatment of the heterojunction laser as a three-layer di-
electric waveguide.! Although the first successful heterojunction laser
diodes were (AlGa)As/GaAs structures, advances in materials technology
have made it possible to construct successful devices using other com-
binations of semiconductors. The present curves are general and
therefore applicable to various material systems.

The key mode-guiding issues of particular interest in laser-diode de-
sign are the degree of radiation confinement to the active region, the

* Research partially supported by the National Aeronautics and Space Administration, Langley Research
Center, Hampton, Va.
1 J. K. Butler is now at Southern Methodist University, Dallas, Texas.
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maximum number of transverse modes that can propagate, and the
corresponding far-field patterns. In addition, the maximum electric field
intensity at the facets is of interest because this may affect the cata-
strophic-damage limit of the device.?

The highest order transverse mode that can propagate in the device
depends on the thickness of the waveguide region (determined by the
heterojunction spacing) and on the index steps at its boundaries. In-
formation concerning the dominant transverse mode can be deduced
from either near- or far-field measurements, but experimental consid-
erations make the far-field the more reliable source. The order of the
dominant mode of the cavity can be deduced from the number of lobes
in the beam profile. The fundamental mode (m = 1) gives rise to a single
major lobe, while the mode number for m > 1 is given by

m = 2 + (number of low intensity lobes between the two major
lobes).

Other useful data deduced from the radiation pattern are the angular
separation between the two large lobes and their angular width. The
angular separation between the lobes is easily measured and is related
here to device parameters.

The index steps at Al,Ga;—,As/GaAs heterojunctions have been ex-
perimentally determined from measurements of the refractive index as
a function of Al content of (AlGa)As3 and from heterojunction laser ra-
diation pattern data.? Fig. 1 shows the data obtained.

2. Field Description

The electromagnetic mode character discussed here is obtained from
a solution of a three layer slab waveguide, Fig. 2. The recombination
region 2 (d wide), identical to the optical waveguide, is between two
layers having a refractive index smaller than that of region 2. Electro-
magnetic modes are considered to propagate in the z direction as
exp|i(wt — Bz))], where 8 is the modal propagation constant. Field vari-
ation along y is neglected.

Transverse electric (TE) fields polarized along y predominate in
contemporary lasers; consequently, the only nonvanishing quantities
are k,, H,, and H,. Equations governing the modes are!

d2E .
Iz‘!-‘-(kl_ﬁz)Ey:O (1]
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H,=-—E, (2]
lwy

H, = '1 OEX, 3]
lwi OX

where k2 = w2ue is layer dependent, w is the angular frequency, u is the
permeability, and ¢ is the permitivity.
The solution to Eq. [1] in the various regions is

E, = A explh,(d/2 — x)]; x >d§ [4a]

06 ’

Ao n-(GaAs)=3.59 /
n-(ALAs) =297
4
- P/
S // An= 0.62 Ax

Lz
I’/

//
,’

o
Ol
T
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N
T
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Al FRACTION «x

Fig. 1—Refractive index step (at 9000 A) at an Al,Ga,—,As/GaAs heterojunction as a function
of x. Curve A is from Ref. [4] and curve B is from Ref. [3].

E,, = Agcos(hax) + By sin(hax); | x| <% [4b]
d d
E,,=Ajexp [h3 <E+x>];x<—§ [4c]

where the transverse wave numbers satisfy in regions 1, 2, and 3
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8~ ki = h? (5a]
kE - 2 = b3 [5b)
B2 — ki = hj. [6e]
Matching the appropriate field components at x = +d/2 gives
ha(h; + hj)
tan(hod) = —————2%
T R = iy 16
ACTIVE
REGION
AlyGo,  As %:A} Al,Ga, 4 As
/ y
/k
7z
REGION [,/ / REGION
——LA—0
INDEX n
n2
ny U
o

Fig. 2—Three layer dielectric model for the double-heterojunction laser.

The field characteristics of the trapped TE modes can be determined
for any set of dielectric steps if the waveguide geometry is normalized.
In particular, the quantities h, hg, h3 and d are normalized,

h;
kolxkg — k)12’
D = dkg(ke — x1)1/2 [7b]
where kg = 27/A\o with Ao the lasing wavelength in vacuum and «; is the

relative dielectric constant of the ith layer.
The secular Eq. [6] then becomes

i=123 [7a]

H,'=
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Hy(H, + H3) (8]
HI— H\Hs

The asymmetry factor 7 is

tan HoD) =

n=u21' [9]

K2 = K]

The relations between the normalized parameters are

B = H] [10&]
H:}+ B2=1 [10b]
H3—-B?2=35—1, [10¢]
where the propagation constant is normalized
82— ki
Bt=—/7—"—. 10d
k3(ko — x1) [10d]

3. Modal Cut-Off Conditions

When the value of H, is zero, the field extension along the positive x axis
is infinite. This condition defines cut-off for the various trapped modes.
To determine the value of D defining cut-off, Ho and H3 in Eq. [7] are
substituted into Eq. [8] giving

tanD = vp-—1. [11]

For symmetrical structures, n = 1 hence tanD) = 0. The fundamental
mode has no cut-off D value while for mode 2, D = =. In general, the
cut-off D value for the mth transverse mode is

D™ = (m — )= (12]

For a given value of I), the number M of transverse modes is

M=1In 1+Q] [13]
T

where In is the integer truncation of the term in brackets.

For asymmetrical waveguides, the relation [11] is shown in Fig. 3. For
a given n value, we find from Fig. 3 the value D’ giving the smallest
waveguide width at which the fundamental waveguide mode can prop-
agate. The cut-off width for the second mode is D” = D’ + =; in general,
for the mth mode D) = D’ + (m — 1)x. The maximum number of
propagating modes in a waveguide of normalized width D is
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[14]

M=In[1+D_D]

kg

As an example, taked = 5 um, \g = 0.9 um, n; = 3.5, no=3.6,n3=3.4.
The asymmetry factor n = 1.96, and the normalized width D = 29.4 and
D’ = 0.7782. The number of possible modes M = 10. On the other hand,
suppose we wish to design a structure that supports only the funda-
mental waveguide mode. Then, D < D’ + =, and hence

4
=
[+ 4
e
bt
a3 R N
>
[+ 4
L—; MODE | MODE 2
2 2 =
=
>
(%]
-4 p— _—— = —— —_p— —
] )
| i 1
o’ I T D' AW
2 2

NORMALIZED GUIDE WIDTH D

Fig. 3—Cutoff conditions for the first and second waveguide modes as a function of D (see
Eq. [7b]). A waveguide geometry defined by a point to the right of each curve
implies that the mode can propagate in the guide.

tan~vyp—-1+n
d< Ao 15
27 (kg — kq)1/2 0 [15]

If we use the index values of the previous example, then d < 0.67 ym.

Fig. 3 shows specific cut-off conditions for the asymmetric double-
heterojunction laser. We see from Fig. 3 that for > 4 the normalized
cut-off width D’ is relatively insensitive to n variations.

In Fig. 4 we plot three curves defining cut-off for the first four slab-
waveguide modes in a symmetric DH structure. These curves, obtained
from [12], apply to a lossless waveguide width normalized to the free-
space wavelength. A waveguide defined by a point lying to the right of
each curve implies that that particular mode can propagate in the cavity.
However, Fig. 4 only provides an approximate guide to the modes ac-
tually seen in a laser diode, because our analysis neglects the small
contribution of the imaginary part of the refractive index to the dielectric
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step associated with a heterojunction. When gain/losses are introduced
into the various layers, the dielectric constant has an imaginary part,

2 N alnl 2
Kl=n1—1<_) 16a
5 [16a]
9 , . [BN2\2
K2 = nz + <_) 16b
%o [16b)
9 . /Q3ng 2
K3~ nj—i ( ) 16¢
5 [16¢]
1.0 .
0.5} .
: 1 J
QA o3} R
a
w
- - -
w
*
w
S
Z OlE =
w o -
_>_ b .
= 0.05) .
= | MODE 1 ]
x FUNDAMENTAL)
v o.oa-( NoA 1
- 4
1 I3 1 1 1
0.01 0.5 1.0 .5 2.0 2.5
d/2g

Fig. 4—Modal cutoff conditions for symmetric double-heterojunction lasers. The fundamental
mode can propagate for all value of Anand d/ ), but for waveguides defined by
points lying to the right of each curve, high order mode propagation is possi-
ble.

where «),a3 are the absorption coefficients of the outside regions at the
lasing wavelength while g is the gain of the active layer. Consequently,
the dielectric step 2 — x; will have an imaginary component,
nof + nl_al]

ko '

Since the imaginary parts of x; and x2 have different signs, because one

x2-x1=n%—n12+i[ [17]
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region has loss and the other gain, the imaginary parts are additive in
absolute values.

However, the absorption coefficient at the lasing emission wavelength
is relatively small in regions 1 and 3 (<20 cm~!) and the gain values in
region 2 are moderate (typically under 100 cm~1!). Therefore, the di-
electric difference associated with the third term of Eq. [17] is typically
negligible in heterojunction lasers.

MODE 2
70—
a -
w
w
@
(L] -
S 60
S
2
z L
-
<
[+ 4
& sof
w
[72]
w
@
g |
-
[+ 4
3 aof
3
L A 1 U S S SR T N S | 1
04 o8 12 13 20
4%

Fig. 5—Major lobe separation in the far-field for device operating in the second mode as
a function of the index step An and d/ Ao (symmetric structure).

Finally, the high-order modes are characterized by the separations
between the two major lobes. In Figs. 5 and 6, we relate the lobe sepa-
ration to the cavity width with the index step as a parameter. For ex-
ample, for An = 0.18,d = 1 um and Ay = 0.9 um, mode 2 would produce
a radiation pattern with a 51° separation between major lobes. However,
for the third-order mode, the beam separation between the two major
lobes would be approximately 77°.

4. Fundamental Transverse Modes

It is evident from the above that simply increasing the width of the
waveguiding region to reduce the beamwidth is not practical. Arbitrarily
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increasing the width of two waveguiding region results in the propagation
of high-order transverse modes and, consequently, “rabbit-ear” far-field
patterns. Conversely, decreasing the heterojunction spacing (while
keeping the radiation confinement constant) can decrease the threshold
current density, but at the expense of a broad beam.

110 |-

100~

90

80

60 -

MAJOR LOBE SEPARATION (DEGREES)

50 1 1 I I 1 A Il 1 1 1 1 Il 1 i

/%

Fig. 6—Major lobe separation in the far-field for device operating in the third mode as a
function of the index step An and d/Aq (symmetric structure).

A practical compromise between low threshold current and moderate
beam width is found by using a double-heterojunction laser configuration
in which the recombination region (either n-type or p-type) is very
narrow and the refractive index steps are moderate, producing optical
tails spreading into the adjoining higher bandgap regions.>6 This thin
DH structure yields a very practical device for efficient room-tempera-
ture cw operation.®

In the following, we present a series of theoretical plots which show
the relationship between the internal device configuration and the near-
and far-field distribution. Fig. 7 shows the optical intensity distribution
for various heterojunction spacings d with An = 0.1 (n = 3.6 in the
waveguide region). Since the total optical power carried is the same in
each curve, the increase in the peak intensity reflects the increase of field
confinement as d is increased. Conversely, as d is decreased, an in-
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Fig. 7—(a) Field intensity as a function of waveguide width dfor An = 0.1; (b) corresponding
tar-field. Here Ao = 0.9 um.
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creasing fraction of the power propagates outside the region between
the heterojunctions. This near-field intensity distribution is reflected
in the breadth of the transverse profile of the beam as shown in Fig. 7.
The beam width narrows as d is decreased because the radiation
spreading beyond the heterojunction boundaries increases the source
size. In Fig. 8 we show the field intensity plots for various An values when
d = 0.2 um. The peak field for the structure with An = 0.22 is larger than

5 I
=
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)
woS
>
o 022
-
w04
[4 0.4
>
= 0.0
n 03
-4
=
z 0.06

o2r
S An=0.04
w
u
« 0.1
L4
w
a

o 1 1 1 1 1 1 1 1
(o] 0.2 0.4 0.6 0.8
d (um)

Fig. 9—Peak field intensity as a function of d for several values of An. Here Ao = 0.9
um.

that for the structure with An = 0.1 since the total mode energy for each
structure is identical. Fig. 9 summarizes the change in relative peak field
intensity within the recombination region as a function of d and An.

The dependence of the radiation pattern on An and d values of
practical interest for DH lasers are shown in Figs. 10 and 11. Fig. 10 shows
the dependence of # | , the half-power beamwidth perpendicular to the
junction plane, on the waveguide region width (adjusted for the lasing
wavelength) for An ranging from 0.06 and 0.62 (which encompasses the
complete range in the (AlGa)As alloy system).

The effect of changing the symmetric double-heterojunction laser
parameters on the optical confinement factor I', representing the fraction
of the radiation within the recombination region, is shown in Fig. 11. In
Fig. 12 we show the confinement factor as a function of the normalized
cavity width D for various asymmetry values.
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Fig. 11—Wave confinement factor I' as a function of the effective guide width for (a) An
= 0.04 t0 0.22 and (b) An = 0.10 to 0.62.
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While the curves of Figs. 10 and 11 provide the required information
for symmetric device design, it is sometimes useful to have an analytical
expression. An expression derived by Dumke” for 8, can be used for
small d values (0.1 um),

0, = —Adde (radians) (18]

A 2
1+ (3
1.2 Ing
where A = 4.05(n3 — n?) with ns and n, the index values within and
outside the recombination region, respectively, at the wavelength Ag.

1.0 T T T T

o8- -

O 61 -
ne

n

l-—-d—ol

04l o

CONFINEMENT FACTOR T

o2l 'Y/ [2 [n=10 .

Fig. 12—The wave confinement factor I' as a function of the normalized guide width D (see
Eq. [7b]) for a symmetric DH laser (7 = 1) and asymmetry values n = 2 and
10.

Eq. [18] is plotted in Fig. 10 where it is compared to the exact computer
solutions. It is evident that the 8, values obtained from Eq. [18] are far
too large when d is substantially greater than 0.1 um, particularly with
large An values.

An analytical expression also relates the beamwidth to the confine-
ment factor in the range where Eq. [18] is valid,

I'= 0, d/0.205 A [19]
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where 8, is in radians. Note that I" = d2 for small d.

5. Peak Field at the Facet

The peak field strength Ej in the laser cavity can be estimated from the
curves in Fig. 9 in terms of the total radiation power. The fundamental
waveguide mode field in a two dimensional slab waveguide is

E(x,2) = Egy(x)exp(—ifz) (20]
where the fields are normalized, as in Fig. 9,
ko f°¢2(x)dx = 1. 21]

In these symmetric double-heterojunction lasers, the peak field occurs
at the center of the active region (at x = 0), hence

Emax = Eo¥max- [22]

The maximum field at the laser facet can be written in terms of the
radiation power per unit length along the facet. The internally incident
power P; at the facet is

1-R’

where Py is the radiated power and R is the facet reflectivity. The field
strength E is, therefore,

konoPa
(1 —R)ny
where Py is in watts/um (power per unit length), k¢ is in um~! and 99 =
120 7= ohms.

Assume, for example, that the total power uniformly radiated from
a 50 um stripe-contact (AlGa)As laser operating continuously is 5 mW;
then Py = 10~4 watts/um. With Ao = 0.9 um, E¢ ~ 3.06 kV/cm. From Fig.
9 we find for An = 0.22 and d = 0.2 um, ¥2nax = 0.5. Consequently, the
maximum field at the laser facet Emax = (3.06)(0.707) = 2.16 kV/cm.

Insufficient experimental data exist relating the peak field to cata-
strophic degradation (which varies with pulse length). However, based
on present experience, this peak field value is well within the safe op-
erating limit for cw operation.

P; (23]

1/2

Eo~104 V/cm, [24]
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One-Way Doppler Extractor*

Edward J. Nossen and Eugene R. Starner

RCA Government Systems Division, Camden, N.J. 08102

Abstract—This paper presents a feasibility analysis, trade-offs, and implementation for a
one-way Doppler extractor system. A Doppler error analysis is discussed that
shows that quantization ervor is a primary source of Doppler measurement error.
Several competing extraction techniques are compared and a new *Vernier"
technique! is presented that obtains high Doppler resolution with low-speed logic.
Parameter trade-offs and sensitivities for this vernier technique are discussed,
leading to a hardware design configuration.

Also presented is a performance evaluation of the resulting breadboard model
that verifies the theoretical performance predictions. The breadboard model
contains the circuitry to interface with an S-band transponder, to extract the
Doppler and time interval counts, to compute navigational parameters by means
of a microprocessor, and to display the results. Performance tests have verified
that the breadboard is capable of extracting Doppler, on an S-band signal, to an
accuracy of better than 0.02 hertz for a one-second averaging period. This cor-
responds to a range rate error of no more than 3 millimeters per second.

1. Introduction

One way Doppler navigation is a technique whereby an orbiting vehicle’s
position is inferred at the vehicle from a knowledge of the line-of-sight
range-rate history to a known reference point. The range-rate history

* The work described in this paper was performed under NASA contract NAS 9-13517.
1 U.S. Patent #3,924,183 assigned to James C. Fletcher, Administrator of the National Aeronautics
and Space Administration with respect to an invention by the authors.
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is determined by accurately measuring the Doppler shift received from
a stable transmitter located at the reference point. Fig. 1 shows the
geometrical relationships for a space-vehicle receiver and a ground-based
transmitter. The advantage of one-way Doppler navigation is the ability
of the space vehicle to determine positional and navigational data au-
tonomously and eliminate the need for special application navigational
aids.

One-way Doppler navigation requires very accurate measurements
of the vehicle’s range rate, with typical values of 3 cm/sec being required
over a one-second integration interval. To obtain a range-rate accuracy
of 3 cm/sec (0.1 ft/sec) using S-band frequencies, requires that the
Doppler frequency be measured to within 0.2 Hz. This in turn requires
the use of stable oscillators and accurate receivers as shown in the block
diagram of Fig. 2.

The S-band frequency must be controlled to within 0.2 Hz over the
period of the Doppler measurement. Also, other error sources such as
those caused by Gaussian noise, digital processes, and propagation path
variations should be controlled, where practical, to obtain the 0.2-Hz
accuracy. The results of the error analysis show that the quantization
error resulting from digitizing the Doppler information can be the most
significant source of error when conventional frequency-counting
techniques are employed. To reduce the quantization error, the Doppler
extractor should have some means of determining fractional cycle counts
in order that the total error budget be within the required 3 cm/sec (0.1
ft/sec) accuracy.

A new technique has been developed whereby fractional cycle counts
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Fig. 1—One-way Doppler geometry.
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Fig. 2—Block diagram of a one-way Doppler navigation system.

are obtained within short integration periods. This technique employs
a vernier approach in that the Doppler frequency is compared with a
stable reference oscillator frequency by means of a zero-crossing coin-
cidence detector. The technique offers low weight, low power con-
sumption, and simple construction without sacrificing accuracy or re-
liability. The analysis and breadboard test results show that it can supply
range-rate resolution of at least 3 cm/sec under all reasonable conditions
of velocity (0-8230 m/sec), acceleration (0-610 m/sec?), loop signal-
to-noise ratio (>10 dB) and for all integration periods of 0.5 second or
more.

The breadboard one-way Doppler extractor is shown in Fig. 3. The
functional features of this breadboard are given in Table 1. The bread-
board was interfaced with an Apollo USB transponder, operating at a
receive frequency of 2101.8 MHz, and with a Univac 1218 computer. The
S-band transponder and the associated test instrumentation are also
shown in Fig. 3. The breadboard met or exceeded all the work perfor-
mance requirements shown in Table 2. It was delivered with a 200-
nanosecond time aperture setting, which resulted in the performance
listed in the last column of the table. As shown, even better accuracy
performance can be achieved with a 15-nanosecond time aperture.
However, this is at the expense of the delay time between a measurement
command and command execution. In applications where the exact time
of the measurement’s execution is unimportant, this improved accuracy
would be readily available.

A preliminary design configuration for flight hardware has been es-
tablished that satisfies the Rockwell International Space Shuttle re-
quirements. The equipment necessary for Doppler extraction from
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Table 1—Breadboard Functional Summary

Parameter Remarks

Non-destructive readout Manual or computer selection. Counts continuously for
up to 600 seconds with overflow indication.

Destructive readout Manual or computer selection. Resets counters to zero at
start of each new measurement interval.

Fixed integration periods of Manual or computer selection of the period with
0.5, 1, 2, 10, 60 and 600 automatic display of results.

seconds.

Anytime readout Manual or computer control of the measurement interval
from =0 to 600 seconds.

Self Test Injects a known frequency near front end of extractor and
checks the computed doppler for accuracy. Test is
passed if error <0.3 Hz.

Displays Any one of these results is displayed by push button
switches.

Raw bias plus doppler or

clock counts.

Doppler frequency in
Hertz.

Range rate in meters/
second.

Slant range difference in
meters

Time delay between stop Switch selectable between either display.
command and actual
stop execution.

Integration time variation
in microseconds.

multiple-carrier-frequency receivers was estimated to be 5.6 X 6.9 X 10.6
inches, weighs 10.2 lbs, and consumes no more than 8 watts of prime
power.

Fig. 3—One-way Doppler extractor breadboard (center) and test instrumentation.
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Table 2—Breadboard Performance Summary

Breadboard Performance

Work 15-ns 200-ns
Parameter Requirement  aperture aperture
Noise error at the integration period.
0.5 sec. 0.6 Hz 0.03 Hz 0.24 Hz
2 sec. 0.25 Hz 0.009 Hz 0.05 Hz
10 sec. 0.23 Hz 0.003 Hz 0.01 Hz
60 sec. 0.20 Hz 0.0025 Hz 0.002 Hz
600 sec. 0.20 Hz 0.0025 Hz 0.002 Hz
Maximum time
Interval variation 100 us 60 ms 4 us

2. Error Analysis

The error budget for a Doppler measuring device consists of three types
of errors; deterministic error, bias error, and random error. The sources
of these errors and their derivations are described in detail in Refs. [1]
and [2]. The deterministic errors are due to predictable effects, such as
refraction and multipath. These values can be predicted from estimates
of satellite locations, and only residual random errors result. It is assumed
that these residual errors are independent between each Doppler mea-
surement, and their contribution to the total error budget is discussed
along with the other random error sources.

The bias error does not change significantly during a satellite pass (or
longer) and is due to long-term frequency drift of the stable oscillators
and uncertainty in the measured value of the speed of light. Since these
errors change only slowly with time, if at all, they cannot be removed by
filtering (e.g., long averaging times) the individual Doppler measure-
ments. It may be possible to reduce the bias error in predicted range,
however, by averaging the predicted location over many satellite pass-
es.

The random errors change between each Doppler measurement
(fractions of a second) and are caused by short-term oscillator insta-
bilities, quantization error, phase-lock-loop tracking errors, noise in-
duced errors in the Doppler counter, and residuals from the deterministic
errors. These errors can be reduced by some form of filtering (e.g., long
averaging times) of each Doppler measurement.

The various errors encountered in the one-way Doppler measurements
are summarized in Tables 3, 4, and 5. The quantization error accounts
for over 90% of the random error. Thus, techniques that reduce the
quantization error would be of significant advantage in controlling the
overall error budget for the Doppler extractor.
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Table 3—Deterministic Errors

Error Source Error Magnitude/Remarks
Ionospheric Refraction Residual error random
1 ¢ = 3.7 cm/sec (0.12 ft./sec)
Tropospheric Scatter Residual error random
1 o = 6.1 cm/sec (0.2 ft./sec)
Multipath Requires knowledge of ground station environment.
Vehicle Depends on degree of data processing
Acceleration No error in computed A range.

Table 4 —Bias Errors

Error Source Error Magnitude
Measured Velocity of Light 16=333%10""R
= (.28 cm/sec (.009 ft/sec)
Long-Term Oscillator Stability le=C-Sis
= 30 cm/sec (1 ft/sec), Sp.s < 10~°

Table 5-——Random Errors

Error Source Error Magnitude
Short-Term Oscillator Stability 16=C-8s
= 3 cm/sec (0.1 ft/sec.), (Ss = 10-19)
Quantization Error lo= C
fTVE

= 12.2 cm/sec (0.41 ft/sec.),
e=1, TC=‘ 0.5 sec.

Jitter in Phase Lock lo= -
2xf T i\;:” iloop
= 1.5 ecm/sec (0.05 ft/sec.),
(S/N)ioop ; 10dB

Lo = T VSN VO
= 0.012 cm/sec (0.0004 ft/sec.)
: (S/N)vco = 60dB

Noise on VCO Output

3. Techniques for Reduction of Quantization Error

Several techniques have been investigated for reducing the measurement
errors from the Doppler extractor. Of the three primary random error
sources, quantization error is the most significant, and many techniques
have been devised to reduce this error source as discussed in this section.
The other error sources (jitter and frequency stability) can only be re-
duced by brute-force techniques, i.e., improved S/N ratio, increased
averaging time, or improved oscillator stability. These techniques are
costly for significant error reduction and require a trade-off of desired
accuracy versus cost to achieve that accuracy. The quantization error,
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however, can be reduced by proper hardware changes, and the resultant
large improvement can be attained with only small changes in cost.

Averaging Time

For reduced quantization error in range rate it is desirable to have long
averaging times. However, if the orbiting vehicle is experiencing a
changing range rate (acceleration), long averaging times will result in
a range-rate error due to the assumption of constant acceleration. This
error can be reduced to zero by computing change in range. As the fol-
lowing analysis shows, regardless of the length of the averaging time or
the velocity history of the vehicle, the change in slant range is exactly
proportional to the change in cycle count:

t
AR, = f R dt = actual change in slant range.
0
But
t
ANy = f fq dt = change in cycle count,
0
and
R
fd = E fh
where f, is the transmitter frequency. Therefore
ft ct . ft
ANd =L f Rdt =L aR
CJo c°
C

ARy = f_ - ANd (independent of ¢).
t

Thus, if changes in slant range are computed, no errors are introduced

by using very long averaging times, regardless of the motion of the or-

biting vehicle during the averaging period. The change in slant range

from the ground transmitter is identically proportional to the change

in Doppler count.

Long averaging times will affect the total cycle count if the oscillator
drift is significant over the averaging period. For short time intervals,
the short-term stability becomes worse as the interval becomes shorter.
For many typical oscillators, the stability becomes constant, independent
of the averaging time, when the averaging time is in the range of 1 to 100
sec. Fig. 4 shows the results of the most significant errors as a function
of averaging time. Above 2.2 seconds averaging time, S; becomes the
dominant error in AR, if whole cycles are counted.
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1o-® TYPICAL
OSCILLATOR DRIFT

5 VERSUS t
10-10 1 I T —1/1
0.0! o. 10 10 100 1000
AVERAGING TIME (s)
Resultant A Range Error Versus Averaging Time

oR (Drift) oR (Quant.) aR itter) o RMS

t (cm) (cm) (cm) (cm)
0.1 0.95 6.1° 0.76*°* 6.22
0.5 2.10 6.1 0.76 6.50
1.0 3.00 6.1 0.76 6.84
2.0 6.00 6.1 0.76 8.59
5.0 15.00 6.1 0.76 16.21
10.0 30.00 6.1 0.76 30.62
0.1 0.95 0.61°° 0.76 1.36
0.5 2.10 0.61 0.76 2.32
1.0 3.00 0.61 0.76 3.15
2.0 6.00 0.61 0.76 6.08
5.0 15.00 0.61 0.76 15.03
10.0 30.00 0.61 0.76 30.02

* Whole Cycle Count (¢ = 1)
* * Fractional Cycle Count (¢ = 0.1)
***S/N=10dB

Fig. 4—Effect of averaging time on delta range errors.

Below 2.2 seconds, quantization becomes the dominant error. If cycles
are counted to a resolution of 0.1 cycle, the quantization error is only
significant for averaging periods less than 0.1 second.

Period Measurement

W. H. Guier et al describe a technique3 to reduce quantization error by
the method of measuring the period between N cycles of the Doppler
frequency (or Doppler + bias). The technique is represented in Fig. 5.
The period of N cycles of bias plus Doppler is measured by counting the
clock cycles, with a resultant quantization on the clock-cycle count.

The resultant range-rate error is developed in the figure and indicates
that the error is reduced by the ratio of the bias to clock frequencies.
Thus, for a nominal 1 MHz bias and a 5 MHz clock the range-rate error
can be reduced to 2.4 cm/sec (0.08 ft/sec) in a 0.5-second averaging
time.

This technique is attractive from the standpoint of simplicity, but the
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Fig. 5—Period measuring technique to reduce quantization error.

time interval over which the Doppler count is made becomes a variable.
This is due to the fact that N is generally a fixed number and the time
required for the Doppler counter to reach N depends on the Doppler
frequency. If the bias frequency is 1 MHz and the maximum Doppler
frequency is £60 kHz, then, for a 1-second nominal averaging time (Ng
= 106 nominal), the actual averaging time would range from 940 to 1060
ms.

It is possible to reduce the averaging time variation to no more than
one period of the bias frequency by making N a variable number. For
example, if Doppler frequency is desired at regular intervals (¢), the clock
counter could output a stop command when the N4 count reaches a
pre-determined value (based on t). Both counters would continue to run
until the next bias-plus-doppler zero crossing. At this zero crossing both
counters would be stopped. The bias-plus-Doppler count would be an
exact integer, since its counter would count from exactly one zero crossing
to another zero crossing. The clock count, however, would be in error by
+1 count. The time interval variation would be no more than %1 cycle
of the bias frequency.
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If the bias frequency were 1 MHz, the time interval would vary no
more than +1 us. However, a 10-MHz clock and counter would be re-
quired to achieve a one sigma Doppler resolution of 0.08 Hz. A lower bias
frequency could be used; however, it must be high enough to carry the
full range of the Doppler signal. A 100-kHz bias frequency could attain
a Doppler resolution of 0.13 Hz minimum (at Fg + Fp = 160 kHz) with
a 1-MHz clock, but the time interval variation could then be as high as
+25 us [1/(FB - FD) = 1/4() kHZ]

Frequency Multiplication

Another technique to reduce the quantization error is to multiply the
Doppler frequency by some factor (K). For the same time interval, there
are K times as many counts, but the quantization error remains at + one
count. In converting to Doppler frequency, range rate, or change in range,
the count must be divided by K. Thus, the net quantization error in range
rate (for example) is reduced by a factor of K. This technique is repre-
sented in Fig. 6.

In the multiplication process the errors due to jitter and long and
short-term frequency instabilities are increased by the factor K. How-

Fy+Fy —'_. | COUNTER

|

Ng+K-Ng 2t

REFERENCE
OSCILLATOR

*MULTIPLIER STAGES CAN BE CASCADED
TO KEEP NFg LOW AT HIGH MULT,

Error Analysis

Ngt+ K-Nd£ 1
—_— " —Fg
T
Fd=
K
Fd= + 1 ( Triangular )
Kt \Distribution
1 1
a - » —_—
? e K

Fig. 6—Error reduction by frequency muiltiplication.
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ever, in computing range-rate or change in range the resultant count is
divided by K. The errors also are divided by K so that the net result of
the multiplication process is that the errors in range rate due to jitter
and frequency instabilities are not affected, but the quantization error
is reduced by a factor of K. The multiplication process decreases the
signal-to-noise ratio by a factor of K2. Thus, to obtain high resolution
(high K), the signal-to-noise ratio (S/N) into the multiplier stage must
be high. For example, if K = 100, the S/N ratio into the multiplier should
be greater than 50 dB if the S/N into the frequency counters is to be at
least 10 dB.

The multiplication can be accomplished in alternate stages of multi-
plication and mixing to prevent the generation of high frequencies. Thus,
two decade multipliers and two mixers with 9-MHz reference frequencies
could be used to obtain a multiplication of 100 without generating
frequencies in excess of 10 MHz (assuming a 1-MHz bias frequency).

Fractional-Cycle Techniques

The fractional-cycle technique employs a high-frequency clock to divide
the Doppler cycle into many small fractions. The process is represented
in Fig. 7. The fractional-cycle count is used to estimate the Doppler
quantization error to within the quantization error of the clock. The
resultant improvement is equal to the ratio of the bias frequency to the
clock frequency. The errors resulting from jitter and frequency instability
are unaffected by this process.

This technique also causes an averaging time interval (¢) variation of
+ one bias frequency cycle. To simultaneously achieve high resolution
and small time-interval variations, the bias frequency must be large and
the clock frequency must be even larger. Thus, a high-speed clock
counter must be employed to achieve Doppler resolution improvements
of more than about 10. If the bias frequency were chosen to be 1 MHz,
the clock frequency would need to be about 14 MHz to achieve a one-
sigma Doppler resolution of 0.08 hz. The time-interval variation would
be no more than about 1 us.

Vernier Technique by Coincidence Detection

The vernier technique is represented in Figs. 8 and 9. This technique
employs comparison of zero-crossing coincidences between the bias plus
Doppler and clock frequencies to arrive at the Doppler frequency. By
counting both frequencies between coincidences, each counter is started
and stopped on zero crossings. Thus, the +1-cycle count error is elimi-
nated if the coincidence is defined with infinite precision. In practice,
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a coincidence would be declared whenever the two zero crossings are
within some time interval that is small compared to the period of either
frequency. The resultant error in Doppler cycle count is distributed
uniformly over the range £ P (where P is the time difference within
which the two zero crossings are declared to be coincident). The resultant
standard deviation of the Doppler-frequency error is:

1 2P 1
Fp = = 2P(Fg + Fp). 1
D=8 5 Tarny  1VG (Fg + Fp) (1]

Since 1/t V6 is the nominal quantization error, the resultant error is
reduced by a factor 2P(F g+ p)).

START STOP
bo— Ng + N
8 a—’{r by
et 4 i//\\_/
4—{ (r 1 SEC
IR YA WA WaAWaWaWaWalFaWa\
(VAAVAAVAVEVEAVE/ \
Nec )
0, — Oy [o— o
Nwyc t1
ERROR ANALYSIS
Error Analysis
NB+Nd+,:IVFc1(02:g1)
= we + (Qs 1)_,__8
T
1 Triangular
€Fd=iN_(. S )
weT \Distribution
Nyc = Fo Fat FD= Whole Cycle Count
_ V2 FtFp 1 _
aFd—T\/g- = .(:i: wcatt—O,r)
__1 (FetF)V2
= ™6 Fo

Fig. 7—Fractional cycle techniques to reduce quantization error.
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Fig. 8—Coincidence detection Doppler extractor.

The vernier technique has the advantage that high resolutions can
be obtained without the need for high-speed counters, since all counted
frequencies can be near one megahertz. The time-interval variation
occurs with the vernier technique as with some of the other techniques
previously described. The time delay depends, in a nonlinear fashion,
on the selection of the bias and clock frequencies and the width of the
coincidence aperture (2P). Typical values of delay are described and
shown in a later section.

Analogue Technique

The analogue technique employs an energy-storing device to stretch the
quantization interval and hence measure it with lower frequency clocks.
Hewlett-Packard’s computing counter model HP 53604 employs this
technique using a capacitor as the energy-storing device. Fig. 10 is a
functional diagram of the technique. The quantization intervals (T, and
T,) are stretched by a factor of 1000 and the clock frequency is counted
over the stretched time intervals. The actual period for exactly N (g4 p)
whole cycles is then

Ni—Not1\ 1
=T+T-T=<N+ : )— 2
r=To+ T - T, 0 1000 Fo (2]
and N N
Fg+ Fp=—82_ N(Bw) Fo. 3]
<N0+ l—ngil)
1000

RCA Review ¢ Vol. 38 « December 1977 571



1
|
!
N A WaWaWaWaWa\la NN
|
\VAVIAVEAVEVIY RV,
: | I : COUNT BOTH
| | FREQ FOR
Fo TIME ¢
: i
! ! N
! Pg ZERO CROSSING
! n n I | ﬂ ﬂ ! n n PULSES (Fg + Fp)
“AND" : - N(g+D) —{ le— aNg.p)
GATE | -
SIGNALS | I p D
| o 2ERO CROSSING
Q00000000 &
: - No e ANg
1 | [
' I Eo
1
COUNTER N n ﬂ ! n COINCIDENCE
TRIGGERS ' | T . —: ' sror PULSES
1 | le—
| START _'.: 02
| |
COMMAND COMMAND
START STOP
No + AN,
1+ Dp==2—22
£ = Fo Quantization
=
Nis+oy + AN+ p) e Error = (P + Pg)Fg + Fp)
No + ANo il
Fig. 9—Timing scheme for coincidence Doppler extractor.
The quantization error is
erp==% Ne+n) 0T L (4]
L No 1000 Ny
But
No . Fo‘r
and

N@+py = (Fp + Fp)7;
therefore

_1Fgt+Fp
Fp = 1000 Fy
1 Fg+Fp
€ = g i
Fa ™ +v/8 1000 Fo

572

[5]

[6])
[7]

RCA Review ¢ Vol. 38 ¢ December 1977



COMMAND ACTUAL COMMAND  acTyaL
START START STOP STOP

Koeuv—-
Fg&Fp \//\
N@+p),”
— fo—T, — T,
[ 1 T G G I T U (N T W S U O O
l,= No To
1000 T, 1000 T,
1 1 A lI 1 1 1 1
Ny +Qq Ny +Qy
N1+01°N2‘02
o+——
To+ T T 1000
T = — =
o 1 2 Fo
Fot Fp= Nero _ N(MD)-F«):E
T N; — N. 1
(e + =S )
1000

Fig. 10—Analog technique for reduced quantization error.

The quantization error is reduced by a factor of 1000 relative to the
nominal counting method. This technique requires that the bias fre-
quency counter begin and end on zero crossings of the bias frequency
(since the technique is measuring the period of exactly N g4 p) cycles).
The averaging time will vary by one bias frequency cycle, resulting in
a delay between the command and the execution of the command similar
to other techniques. However, the delay will not exceed one cycle of Fg
+ Fp, or 1 us, for a nominal 1-MHz bias.

An additional delay in calculating the Doppler shift results from the
1000-times stretching of the clock quantization interval. With the
1000-times expansion, the Doppler shift cannot be calculated until up
to 1000 clock periods have elapsed. This could be as long as 1 millisecond
if a 1-MHz clock is employed. It is not necessary in the one-way Doppler
extractor to use a 1000-fold stretching; a factor of 10 would suffice. Thus,
the delay in making a Doppler calculation would then only be 10 us for
a 1-MHz clock.

4. Vernier Doppler Extractor Analysis

The coincidence-detection Doppler extractor was selected to reduce the
quantization error without the need for high-speed counters. Even when
full Doppler frequencies are available to a conventional counter, the
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desired range-rate accuracy of 3 cm/sec (0.1 ft/sec) can only be obtained
with integration periods of 5 seconds or longer. Thus, a quantization
resolving extractor would be desirable for reduced error at short inte-
gration times. The coincidence detection technique is recommended,
since this extractor can take advantage of low cost, low power, and
high-reliability CMOS components without sacrificing accuracy.

In this section, we analyze the accuracy and time delays associated
with the coincidence detection technique and show the limiting effects
of this delay on the extractor resolution capability. Also described is the
effect of the time delay on the total system errors when the Doppler
extractor measurements are compared (or averaged) with other range-
rate-measuring equipment (such as accelerometers).

4.1 Extractor Accuracy Analysis

The vernier Doppler extractor uses narrow detection windows to define
the coincidence of positive zero crossings of the desired Doppler plus bias
frequency and a known reference frequency (stable clock). The principle
of operation is similar to that of the familiar vernier caliper measuring
instruments, which can obtain a resolving power much greater than the
smallest quantized measurement interval. In the vernier Doppler ex-
tractor, the positive zero crossings of the signals serve as reference marks,
and conventional frequency counters supply the measured cycle counts.
If the known and unknown frequency counters are both simultaneously
started and stopped on zero crossings, the quantization is eliminated
and the unknown frequency can be resolved to a very high accuracy.

Fig. 8 shows a functional block diagram of the implementation re-
quired to achieve the coincidence detection and control of the frequency
counters, and Fig. 9 shows the resultant signals and timing formats. In
Fig. 8, a zero-crossing detector triggers a pulse generator to emit a very
narrow and stable pulse at each zero crossing of the unknown and clock
frequencies. An “AND” gate detects the coincidence of the pulses when
they occur and emits a control pulse to start or stop counters that sep-
arately count the unknown and clock frequencies.

Fig. 9 shows how the circuit would operate when discrete measurement
intervals are desired. A command to start the counters is received from
the computer.

The counters are actually started immediately following the next
detected pulse coincidence. Thus, both the bias plus Doppler and clock
counters are started immediately after a zero crossing. After a defined
measurement period (), both counters are commanded to read out the
accumulated counts to the computer. The counters, however, continue
to count until the next pulse coincidence, at which time the desired
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counts are read into buffers. Since both counters were started and read
at zero crossings, both counts are very accurate, and the Doppler fre-
quency can be calculated with high precision. The Doppler frequency
is given by

Fd=[MB+—DlF0—FB]-R 8]
No
where: N4y = bias plus Doppler count

Ny = clock count

Fy = clock frequency and

Fg = bias frequency

R = Doppler division ratio from the S-

Band transponder.

An inaccuracy exists in the counts due to the finite widths of the
pulses. Thus, the “AND” gate will respond to a near coincidence if the
two pulses overlap to any degree. With reference to the clock count and
the pulse rise times, the integer representing the bias plus Doppler count
could be in error by a fractional cycle count varying over the range
+P/T p+p) cycles, where P is the pulse width from the bias plus Doppler
pulse generator, and the clock pulse generator and T'(g+p) is the period
of the bias plus Doppler frequency.

This error, which occurs at both the start and stop times of the coun-
ters, is uniformly distributed over the interval + P(Fg + Fp) and each
error is independent if 7 is much larger than the interval between coin-
cidences. The combined error results in a maximum Doppler error de-
fined by

2P(Fp +FD)R

T

, [9]

and a standard deviation defined by
2P(Fg + Fp) R
V6 ’

where R is the ratio of S-band Doppler to counted Doppler and 7 is the
measured period.

If the Doppler extractor were only concerned with obtaining an ac-
curate Doppler measurement over a period of 1 second, say, with no re-
gard to how much the 1-second time interval could vary, then P could
be made arbitrarily small. A one-ns pulse, for example, and a 1-MHz bias
frequency would result in a Doppler error of 0.002 cycle or 0.002 Hz in
a second period, provided full doppler is available into the Doppler
counters (R = 1). Such a pulse width is feasible with stable rise times of
0.1 ns.

(Fd=:f:

G'Fd = [10]
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4.2 Time-Delay Analyses

A coincidence of zero crossings occurs whenever the two pulses have some
overlap into the “AND” gate. The probability of a coincidence depends
on the pulse widths and the interpulse periods. The average period be-
tween coincidences can be shown to be given by
= :
(Po+ Pp)(Fp + Fp)Fo
This formula assumes that the clock and bias-plus-Doppler frequencies
are not harmonically related or, if so, enough random variation in their
frequencies is present to assure that the maximum period between
coincidences is not excessive.

If the bias plus Doppler frequency is an exact rational fraction of the
clock frequency, a coincidence may never occur if the pulse width is made
too narrow. This is shown in the diagram of Figure 11.

If the frequency ratio (Fg + Fp)/Fy is defined by the integers N/M
(N/M is reduced to its lowest form and N < M), a coincidence will occur
in MTg seconds if the pulse width is greater than or equal to T'¢/2N (T
= clock period). With P = Ty/2N, the Doppler error equation be-
comes

(11]

2P(Fgp + Fp)

T

Fp=+ [12]

NTig+p)

(It I | I | NN
L I

t—

MTq

M= N; M> N; M & N Exact Integers
When
Fg+ Fp _
Fo

N
A_l ’
then
Te+o) = % To (M & N have no common factors).

Maximum possible separation at point of closest coincidence is given by

1 Po+ P
ATS_TO——(O B).
2N 2
Coincidence will occur in M Ty seconds if
Pot Pgy To
2 2N

Fig. 11—Effect of resonances in coincident detector.
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but 2P = Ty/N and Fg + Fp = (N/M)Fy (by definition). Therefore

1
Fp=1 (%) (% F0> = + = —isince ToFo = L. 13]
M is the resolving power of the vernier extractor. The time delay has a
maximum value of

tamax = MTy (t4 is uniformly distributed from zero to MT).

Since the time delay is random, the actual measurement interval can
vary from t — MTytot + MT, To keep the time interval variation small
M should be small. But for high doppler accuracy M should be large.
Thus, a compromise is required between acceptable time interval vari-
ations and desired Doppler measurement accuracies.

Thus, for any given bias and clock frequencies, a minimum pulse width
exists (P = Ty/2N) which will guarantee a coincidence in a short time
interval (from 10 to several hundred clock periods). For highest resolu-
tion and shortest time delay, the bias frequency should be chosen as close
to the clock frequency as the doppler variation will allow. This is anal-
ogous to the mechanical vernier caliper, which has one scale only 10%
larger than the other scale. When the bias frequency is chosen to be 100
kHz below the clock frequency (the bias frequency carries +60 kHz of
Doppler variation), the minimum allowable pulse width decreases as the
clock and bias frequencies are increased. To achieve the highest reso-
lution and shortest time delays the clock and bias frequencies should
be chosen as large as possible and the pulse widths as narrow as possible.
Fig. 12 shows the sensitivity of the Doppler resolution to the clock ref-
erence frequency when the bias frequency is chosen to be offset from the
clock frequency by 100 kHz. As shown in the figure, Doppler resolution
to 0.02 cycle can be obtained with a maximum possible delay of 25 us,
if the clock and bias frequencies are chosen at about 10 MHz. The pulse
width, under these conditions would need to be one nanosecond.

5. Breadboard Design

The Doppler extractor breadboard implemented uses the vernier ex-
tractor technique to resolve the quantization error. The breadboard unit
accepts a 76.083-MHz signal from an S-band transponder and contains
the necessary circuitry to perform rf and digital processing to extract
the Doppler and Doppler-related information from the input.

The rf processor translates and multiplies the input frequency to
obtain a suitable bias frequency containing approximately the full S-
band signal. It also generates a self-test signal for the self-test modes.
The digital processor performs the functions of coincidence detection,

RCA Review ¢ Vol. 38 « December 1977 577



100 -+ 0.20

70

50 |

-4
-
* 30
) MAX. TIME = =
| BETWEEN COIN, — 25 s J .10 o
H 2%
o 20 [ o8
g S8
g -t
3 RESOLUTION 6%
o -—.__’ - .07 |
- ﬁh
8 10 | PULSE o
WIDTH 5w
[ -
@ [~i=t
s 7+ oE
8 2 .05 Sg
s x8
Q 5 | &a
9 g
- .04 =
s 3
ey - - =
33 3 |- Fgras = Fo - 100 kHz <
=9 10 dB<S/N< o
55 -4 .03
w 2 |- DOPPLER == + 60 kHz
E = -
o
gvl
>
B~
- o
2a
28 |
1 1 i L i J 0.02
1 2 3 5 7 10

Reference Oscillator
Frequency (MHz)
(Fo)

Fig. 12—Minimum pulse width to guarantee coincidence for all conditions.

digital counting, timing, data processing and display, and interface
formatting for a UNIVAC 1218 computer. The unit also contains a mi-
croprocessor for calculations of the displayed data and for self-test
analysis. A view of the extractor chassis is shown in Fig. 13. The rf and
digital processing subchassis are indicated.

5.1 Technique Description

A diagram of the one-way Doppler extractor interfaces is shown in Fig.
14. The S-band transponder receives the Doppler-shifted transmitted
frequency and outputs a 76.083 MHz reference signal containing 8/221
parts of the original S-band Doppler. The Doppler extractor performs
rf processing to restore approximately full Doppler on a 1-MHz bias
frequency and performs digital processing to extract Doppler counts,
time interval counts, display data, and computer interface logic to a
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Fig. 13—One-way Doppler extractor chassis.

UNIVAC 1218 computer. The timing circuits operate from an external
5-MHz frequency standard.

Fig. 15 is a block diagram of the extractor, showing some of the internal
functions performed by the rf and digital processors. As shown, the
transponder signal enters the rf processor, which performs frequency
shifting and multiplication resulting in a Doppler shift up to £60 kHz
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Fig. 14—One-way Doppler extractor interfaces.
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superimposed on a 1.00-MHz bias signal. The 76.083 MHz is mixed with
a 75-MHz fixed injection frequency to obtain a 1.083-MHz plus fractional
Doppler (f4/27.625) S-band reference signal. This frequency is then
multiplied by 24, resulting in a 26-MHz output containing 192/221 parts
of the original S-band Doppler shift. The 26-MHz signal is then mixed
with a 25-MHz fixed injection to obtain the desired 1 MHz containing
nearly the full S-band Doppler shift. The coincidence clock frequency
(Fo) of 1.25 MHz is obtained by dividing the 5-MHz clock by a factor of
4,

The above frequencies were chosen for the breadboard unit for the
following reasons:

1. The coincidence clock and bias frequencies should be approxi-
mately equal and at about 1 MHz for best utilization of CMOS logic and
the coincidence technique.

2. The injection frequencies should be low integer multiples of the
clock for ease of generation and to obtain very clean injection frequen-
cies.

3. The multiplying phase locked loop should have a multiplication
factor that restores most of the original S-band Doppler.

Other frequencies could be used in the extractor at the expense of
increased circuit complexity.

The digital processor circuits of Fig. 15 contain the pulse generators
and coincidence detector required for the vernier extractor concept. The

Fig. 15—0One-way Doppler extractor breadboard block diagram.
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bias-plus-Doppler and coincidence clock frequencies are converted to
narrow pulses at each zero crossing, and these pulses are fed to the co-
incidence detector. The coincidence detector responds to a pulse coin-
cidence by generating a timing pulse. This pulse plus internal timing logic
causes the counters to transfer their counts to the buffers at desired in-
tervals. At coincidence, the quantization error is reduced 1o a small
timing error due to a finite pulse width.

Two counters count zero crossings of the Fgyp and Fy signals. For
nondestructive readout (NDRO), the counters run continuously. For
destructive readout (DRO), the counters are reset at the beginning of
each count interval. The two counter outputs (Ng+p) and Ny) are stored
in the buffers for computer sampling as desired. The buffer circuits also
contain interface circuitry to convert the counts into coded words for
the UNIVAC 1218 computer.

The self-test function tests the operation of the Doppler extractor from
the output of the first mixer to the computer interface. A block diagram
of the technique is shown in Fig. 16. A test frequency is obtained from
the 75-MHz first mixer injection oscillator by dividing this frequency
by 70. Derivation of the test frequency from the 75-MHz oscillator is
preferred over up converting from the 5-MHz standard, since the former
technique also tests the lock condition of the 75-MHz oscillator to the
5-MHz standard. The resultant frequency of 1,071,428.57 Hz is substi-
tuted for the nominal mixer output frequency of 1,083,333.33 Hz. After
multiplication by 24 and differencing with the 25-MHz injection fre-
quency, the resultant bias-plus-Doppler frequency into the coincidence
detector is 714,285.7 Hz. Since the nominal bias frequency is 1 MHz, the
resultant equivalent Doppler frequency at the extractor display will be
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—285,714.3 Hz when all components are working correctly. When con-
verted to an equivalent S-band Doppler shift (X 221/192) the self-test
signal will represent a Doppler shift of —~328,869.05 Hz.

During the self test the microprocessor compares the actual measured
Doppler with a stored value of —285,714.3 Hz. If the two frequencies
agree within a few hertz, a “data-good” signal is sent to the 1218 com-
puter and a data-good indication lights on the front panel of the ex-
tractor.

5.2 Microprocessor Hardware

The microprocessor circuits perform calculations on the BCD counter
data to provide direct display of Doppler frequency (Fp), range rate (R),
change in range (AR), self-test error, and coincidence delay. The
TMS-0117 was selected as the central processing element in a special-
purpose microprocessor arrangement, since commercial microprocessors
do not have a nine digit BCD capability.

Fig. 17 shows the microprocessor and display approach. The TMS-
0117 functions as a central processing unit. A random-access memory
(RAM) provides storage of intermediate and final calculation results.
A programmable read-only memory (PROM) holds a series of instruc-
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tions referred to as a microsequence or microprogram. The microse-
quence is the detailed set of data transfers and instructions required to
compute the navigation parameters for display. The microsequence
timing logic generates clock bursts used to operate the central processor,
transfer data, and increment the microsequence memory. Input and
output gating logic provides the multiplexing and serial-parallel con-
version required to interface the TMS-0117 with the RAM, ROM, and
extractor data registers.

This microprocessor approach has a speed disadvantage. Computation
time for the navigation parameters is on the order of 1.8 seconds. Holding
a number in the output registers of the TMS-0117 calculator chip would
permit display of the output, but would tie up this chip during the dis-
play period. For this reason, the internal display scanning and blanking
circuitry of the TMS-0117 was not utilized, permitting the chip to be
used full time as a processor.

As shown in Fig. 17, separate display timing, formatting, and zero-
suppression circuits are provided. The display logic shares the RAM with
the microprocessor. In operation, the display circuits select and access
the multiplexed display data by stepping through the appropriate block
of RAM addresses. The microprocessor accesses the RAM on an inter-
rupt basis, “stealing” the address and data leads to read or write a data
word. The display is blanked during this interrupt. Upon completion
of the interrupt, the RAM address and data leads are switched back to
the display control circuits, where display scanning is resumed. Due to
the low duty cycle of the interrupt action, the display appears undis-
turbed to the eye.

The RAM addressing is organized such that the microprocessor ac-
cesses one portion of the memory while the display logic accesses another.
Intermediate calculations and new parameter results are stored in one
half of the memory. Previously calculated results are stored in the other
half. The display logic only accesses previous results, while both current
and previous results are used by the microprocessor.

A strobe from the interval timer initiates the microsequence. Upon
receipt of the strobe, the microprocessor will access the BCD data from
the extractor and calculate all navigation parameters, storing the results
in the RAM. At the completion of the microsequence, a bit of the RAM
address will be inverted. This inversion has the effect of interchanging
the new and old data within the RAM, so that the just-completed cal-
culations appear on the display, while the other half of the memory be-
comes available for the next set of calculations.

This approach provides a sample-and-hold type of display, and per-
mits viewing of previous calculations while new parameters are being
calculated. With integration periods of less than 2 seconds, the micro-
processor will be constantly calculating, necessitating the sample-and-
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hold display.

The microsequence is implemented without branching. Address
registers and logic normally provided for this function are not required
for this microprocessor.

6. Performance

6.1 Doppler Extractor Accuracy

Fig. 18 shows the test results of the sensitivity of Doppler accuracy to
integration time and coincidence detector aperture (twice the pulse
width). The results indicate that the extractor is capable of measuring
the S-band Doppler to an accuracy of 0.03 Hz or better if aperture widths
of 15 ns are used. This error is primarily caused by the quantization error
for short averaging intervals, as shown by comparison with the expected
quantization error. At long averaging intervals (>5 seconds), the error
is greater than the expected quantization error, primarily due to clock
and reference-frequency instability. With an aperture of 180 ns, the
accuracy degrades to about 0.3 Hz in a 0.5-second averaging period. For
comparison, a conventional zero-crossing counter would normally have
a peak error of 2 Hz in a 0.5-second averaging period. Measurements of
Doppler accuracy with apertures less than 15 ns were not made, although
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the breadboard was designed to operate with an aperture as low as 2 ns.
Had this aperture been used in the measurements, the expected peak
quantization error would be 0.008 Hz in a 0.5-second averaging peri-
od.

6.2 Time Delay Statistics

The peak time delay between command and actual start of the counters,
or time between coincidences, is sensitive to the aperture width and the
ratio of the bias frequency to clock frequency (N/M).

Fig. 19 shows the statistics of the time delay for an aperture of 200 ns.
The delay is uniformly distributed with a maximum of four microsec-
onds. As the aperture is decreased, the distribution of delays appears
to follow a Rayleigh distribution with large values of delay occurring
rarely. At an aperture of 15 ns, very large delays are common. With this
aperture, delays above 30 milliseconds occur half of the time.

Fig. 20 shows the sensitivity of the 95 percentile value of time delay
to the aperture width. The results show a nearly linear relationship be-
tween the logarithm of the time delay and the value of the aperture
width.

As the Doppler shift changes from the highly resonant condition of
zero Doppler, the time delays decrease rapidly. For example, at an ap-
erture of 15 ns, the 95 percentile time delay is about 50,000 us at zero
Doppler. However, at a Doppler offset of less than 500 hertz, the 95
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percentile delay decreases to only 300 pus.

If a Doppler rate is present when the Doppler shift is near zero, the
zero Doppler resonant condition would be short lived. For example, a
Doppler rate of 1 kHz/second would cause a shift from +500 Hz of
Doppler to —500 Hz in 1 second. Thus, the resonance would not last more
than one second and time delays in excess of 300 us would occur only
rarely, even with aperture widths of 15 ns.
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